Visualizing spacetime curvature via frame-drag vortexes and tidal tendexes. III. Quasinormal pulsations of Schwarzschild and Kerr black holes by Nichols, David A. et al.
Visualizing spacetime curvature via frame-drag vortexes and tidal tendexes. III. Quasinormal
pulsations of Schwarzschild and Kerr black holes
David A. Nichols,1 Aaron Zimmerman,1 Yanbei Chen,1 Geoffrey Lovelace,2,3 Keith D. Matthews,1 Robert Owen,2,4
Fan Zhang,1 and Kip S. Thorne1
1Theoretical Astrophysics 350-17, California Institute of Technology, Pasadena, California 91125, USA
2Center for Radiophysics and Space Research, Cornell University, Ithaca, New York 14853, USA
3Gravitational Wave Physics and Astronomy Center, California State University Fullerton, Fullerton, California 92831, USA
4Department of Physics and Astronomy, Oberlin College, Oberlin, Ohio 44074, USA
(Received 15 August 2012; published 12 November 2012)
In recent papers, we and colleagues have introduced a way to visualize the full vacuum Riemann
curvature tensor using frame-drag vortex lines and their vorticities, and tidal tendex lines and their
tendicities. We have also introduced the concepts of horizon vortexes and tendexes and three-dimensional
vortexes and tendexes (regions on or outside the horizon where vorticities or tendicities are large). In this
paper, using these concepts, we discover a number of previously unknown features of quasinormal modes
of Schwarzschild and Kerr black holes. These modes can be classified by a radial quantum number n,
spheroidal harmonic orders ðl; mÞ, and parity, which can be electric ½ð1Þl or magnetic ½ð1Þlþ1. Among
our discoveries are these: (i) There is a near duality between modes of the same ðn; l; mÞ: a duality in
which the tendex and vortex structures of electric-parity modes are interchanged with the vortex and
tendex structures (respectively) of magnetic-parity modes. (ii) This near duality is perfect for the modes’
complex eigenfrequencies (which are well known to be identical) and perfect on the horizon; it is slightly
broken in the equatorial plane of a nonspinning hole, and the breaking becomes greater out of the
equatorial plane, and greater as the hole is spun up; but even out of the plane for fast-spinning holes, the
duality is surprisingly good. (iii) Electric-parity modes can be regarded as generated by three-dimensional
tendexes that stick radially out of the horizon. As these ‘‘longitudinal,’’ near-zone tendexes rotate or
oscillate, they generate longitudinal-transverse near-zone vortexes and tendexes and outgoing and ingoing
gravitational waves. The ingoing waves act back on the longitudinal tendexes, driving them to slide off the
horizon, which results in decay of the mode’s strength. (iv) By duality, magnetic-parity modes are driven
in this same manner by longitudinal, near-zone vortexes that stick out of the horizon. (v) When visualized,
the three-dimensional vortexes and tendexes of a ðl; mÞ ¼ ð2; 2Þ mode, and also a (2,1) mode, spiral
outward and backward like water from a whirling sprinkler, becoming outgoing gravitational waves. By
contrast, a (2,2) mode superposed on a ð2;2Þ mode, has oscillating horizon vortexes or tendexes that
eject three-dimensional vortexes and tendexes, which propagate outward becoming gravitational waves;
and so does a (2,0) mode. (vi) For magnetic-parity modes of a Schwarzschild black hole, the perturbative
frame-drag field, and hence also the perturbative vortexes and vortex lines, are strictly gauge invariant
(unaffected by infinitesimal magnetic-parity changes of time slicing and spatial coordinates). (vii) We
have computed the vortex and tendex structures of electric-parity modes of Schwarzschild in two very
different gauges and find essentially no discernible differences in their pictorial visualizations. (viii) We
have compared the vortex lines, from a numerical-relativity simulation of a black hole binary in its final
ringdown stage, with the vortex lines of a (2,2) electric-parity mode of a Kerr black hole with the same
spin (a=M ¼ 0:945) and find remarkably good agreement.
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I. MOTIVATIONS, FOUNDATIONS,
AND OVERVIEW
A. Motivations
This is the third in a series of papers that introduce a new
set of tools for visualizing the Weyl curvature tensor
(which, in vacuum, is the same as the Riemann tensor)
and that develop, explore, and exploit these tools.
We gave a brief overview of these new tools and their
applications in an initial Physical Review Letter [1]. Our
principal motivation for these tools was described in that
Letter, and in greater detail in Sec. I of our first long, peda-
gogical paper [2] (Paper I). In brief: We are motivated by the
quest to understand the nonlinear dynamics of curved space-
time (what John Wheeler has called ‘‘geometrodynamics’’).
The most promising venue, today, for probing geome-
trodynamics is numerical simulations of the collisions and
mergers of binary black holes [3]. Our new tools provide
powerful ways to visualize the results of those simulations.
As a byproduct, our visualizations may motivate new
ways to compute the gravitational waveforms emitted in
black-hole mergers—waveforms that are needed as
PHYSICAL REVIEW D 86, 104028 (2012)
1550-7998=2012=86(10)=104028(53) 104028-1  2012 American Physical Society
templates in LIGO’s searches for and interpretation of
those waves.
We will apply our tools to black-hole binaries in
Paper IV of this series. But first, in Papers I–III, we are
applying our tools to analytically understood spacetimes,
with two goals: (i) to gain intuition into the relationships
between our tools’ visual pictures of the vacuum Riemann
tensor and the analytics, and (ii) to gain substantial new
insights into phenomena that were long thought to be well
understood. Specifically, in Paper I [2], after introducing
our tools, we applied them to weak-gravity situations
(‘‘linearized theory’’); in Paper II [4], we applied them to
stationary (Schwarzschild and Kerr) black holes; and here
in Paper III we will apply them to weak perturbations
(quasinormal modes) of stationary black holes.
B. Our new tools, in brief
In this section, we briefly summarize our new tools. For
details, see Secs. II, III, and IVof Paper I [2], and Secs. II
and III of Paper II [4].
When spacetime is foliated by a family of spacelike
hypersurfaces (surfaces on which some time function t is
constant), the electromagnetic field tensor F splits up
into an electric field Ei^ ¼ Fi^ 0^ and a magnetic field Bi^ ¼
1
2 i^ j^ k^Fj^ k^, which are three-vector fields living in the space-
like hypersurfaces. Here the indices are components in
proper reference frames (orthonormal tetrads) of observers
who move orthogonally to the hypersurfaces, and i^ j^ k^ is
the Levi-Civita tensor in those hypersurfaces.
Similarly, the Weyl (and vacuum Riemann) tensor
C splits up into: (i) a tidal field E i^ j^ ¼ Ci^ 0^ j^ 0^, which
produces the tidal gravitational accelerations that appear,
e.g., in the equation of geodesic deviation, aj^ ¼
Ej^ k^xk^ [Eq. (3.3) of Paper I]; and (ii) a frame-drag field
Bi^ j^ ¼ 12 i^ p^ q^Cj^ 0^ p^ q^, which produces differential frame-
dragging (differential precession of gyroscopes), j^ ¼
Bj^ k^x
k^ [Eq. (3.11) of Paper I].
We visualize the tidal field E by the integral curves of its
three eigenvector fields, which we call tendex lines, and
also by the eigenvalue of each tendex line, which we call
the tendicity of the line and we depict using colors.
Similarly, we visualize the frame-drag field B by frame-
drag vortex lines (integral curves of its three eigenvector
fields) and their vorticities (eigenvalues, color coded). See
Figs. 2 and 3 below for examples. Tendex and vortex lines
are analogs of electric and magnetic field lines. Whereas
through each point in space there pass just one electric and
one magnetic field line, through each point pass three
orthogonal tendex lines and three orthogonal vortex lines,
which identify the three principal axes of E and B.
A person whose body is oriented along a tendex line gets
stretched or squeezed with a relative head-to-foot gravita-
tional acceleration that is equal to the person’s height times
the line’s tendicity [depicted blue (dark gray) in our figures
for squeezing (positive tendicity) and red (light gray) for
stretching (negative tendicity)]. Similarly, if the person’s
body is oriented along a vortex line, a gyroscope at her feet
precesses around her body axis, relative to inertial frames
at her head, with an angular velocity equal to her height
times the line’s vorticity [depicted blue (dark gray) for
clockwise precession (positive vorticity) and red (light
gray) for counterclockwise (negative vorticity)].
We color code the horizon of a black hole by the normal-
normal component of the tidal field, ENN, to which we give
the name ‘‘horizon tendicity,’’ and also by the normal-
normal component of the frame-drag field,BNN, the ‘‘hori-
zon vorticity’’; see, e.g., Fig. 9 below. These quantities are
boost invariant along the normal direction N to the horizon
in the foliation’s hypersurfaces.
A person hanging radially above the horizon or falling
into it experiences head-to foot squeezing (relative accel-
eration) equal to the horizon tendicity times the person’s
height, and a differential head-to-foot precession of gyro-
scopes around the person’s body axis with an angular
velocity equal to the horizon vorticity times the person’s
height.
For any black hole, static or dynamic, the horizon ten-
dicity ENN and vorticity BNN are related to the horizon’s
Newman-Penrose Weyl scalar 2, and its scalar intrinsic
curvatureR and scalar extrinsic curvature X by
ENN þ iBNN ¼ 22 ¼  12 ðRþ iXÞ þ 2ð Þ;
(1.1)
see Ref. [5] and Sec. III of Ref. [4]. Here , , ,  are
spin coefficients related to the expansion and shear of the
null vectors ~l and ~n used in the Newman-Penrose formal-
ism [with ð~lþ ~nÞ= ﬃﬃﬃ2p ¼ ~u the normal to the foliation’s
hypersurfaces, ð~l ~nÞ= ﬃﬃﬃ2p ¼ ~N the normal to the horizon
in the foliation’s hypersurfaces, and ~e2 ¼ ð ~mþ ~mÞ=
ﬃﬃﬃ
2
p
and ~e3 ¼ ð ~m ~mÞ=ði
ﬃﬃﬃ
2
p Þ tangent to the instantaneous
horizon in the foliation’s hypersurfaces]. For stationary
black holes,  and  vanish, and ENN ¼  12R and
BNN ¼  12X.
For perturbations of Schwarzschild black holes, it is
possible to adjust the slicing at first order in the perturba-
tion, and adjust the associated null tetrad, so as to make the
spin coefficient terms in Eq. (1.1) vanish at first order in the
perturbation; whence ENN ¼  12R and BNN ¼  12X.
For perturbations of the Kerr spacetime, however, this is
not possible. See Appendix E for details. Following a
calculation by Hartle [6], we show in this Appendix that
for Kerr one can achieve Rþ iX ¼ 4ð2 þ ð0Þð1ÞÞ
on the horizon, accurate through first order. Here, and
throughout this paper, the superscripts ðiÞ (or subscripts ðiÞ)
indicate orders in the perturbation.
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For the dynamical black holes described in Ref. [1] and
for the weakly perturbed holes in this paper, we found that
the spin terms in Eq. (1.1) are numerically small compared
to the other terms, so ENN ’  12R and BNN ’  12X. In
addition, in a recent study of the tendexes and vortexes of
approximate black hole initial data, Dennison and
Baumgarte [7] found that these spin terms vanish to a
high order in the small velocities of their black holes,
giving further evidence that these terms are typically
negligible.
Because X is the two-dimensional curl of a two-
dimensional vector (the Ha´jı´cˇek field) [8], its integral
over the black hole’s two-dimensional horizon vanishes;
and by virtue of the Gauss-Bonnet theorem, the horizon
integral of R is equal to 8. Correspondingly, for fully
dynamical black holes as well as weakly perturbed black
holes, the horizon integrals of ENN and BNN have the
approximate values [1]Z
H
BNN ’ 0;
Z
H
ENN ’ 4: (1.2)
C. Overview of this paper’s results
1. Slicing, coordinates, and gauges
Throughout this paper, we use slices of constant
Kerr-Schild time ~t (which penetrate smoothly through the
horizon) to decompose the Weyl tensor into its tidal and
frame-drag fields; and we express our quasinormal pertur-
bations, on the slices of constant ~t, in Kerr-Schild spatial
coordinates (Secs. II A and II B, and also Paper II [4]). In
the zero-spin (Schwarzschild) limit, the Kerr-Schild slices
become slices of constant ingoing Eddington-Finkelstein
time ~t and the spatial coordinates become those of
Schwarzschild. Our choice of Kerr-Schild is dictated by
these coordinates’ resemblance to the coordinates that are
typically used in numerical-relativity simulations of binary
black holes, at late times, when the merged hole is settling
down into its final Kerr-black-hole state; see, e.g., Fig. 15
below.
For a perturbed black hole, the slices and coordinates get
modified at perturbative order in ways that depend on the
gauge used to describe the perturbations (i.e., the slicing
and spatial coordinates at perturbative order); see Sec. II C.
For spinning black holes, we perform all our com-
putations in ingoing radiation gauge (Sec. II A and
Appendix C). For nonspinning (Schwarzschild) black
holes, we explore gauge dependence by working with
two gauges that appear to be quite different: ingoing ra-
diation gauge (Appendix C) and Regge-Wheeler gauge
(Appendix A). Remarkably, for each mode we have
explored, the field-line visualizations that we have carried
out in these two gauges look nearly the same to the human
eye; visually, we see little gauge dependence. We discuss
this and the differences in the gauges, in considerable
detail, in Sec. II C and Appendix D.
For a Schwarzschild black hole, we have explored
somewhat generally the influence of perturbative slicing
changes and perturbative coordinate changes on the tidal
and frame-drag fields, and on their tendex and vortex lines,
and tendicities and vorticities (Sec. II C). We find that the
tendicities and vorticities are less affected by perturbative
slicing changes than the shapes of the tendex and vortex
lines. We also find that while coordinate changes affect the
shapes of the tendex and vortex lines, the tendicity and
vorticity along a line is unchanged, and that in the wave
zone a perturbative change in coordinates affects the ten-
dicity and vorticity at a higher order than the effect of
gravitational radiation.
For this reason, in this paper we pay considerable atten-
tion to vorticity and tendicity contours, as well as to the
shapes of vortex and tendex lines.
2. Classification of quasinormal modes
As is well known, the quasinormal mode, complex
eigenfrequencies of Schwarzschild and Kerr black holes
can be characterized by three integers: a poloidal quantum
number l ¼ 2; 3; . . . , an azimuthal quantum number
m ¼ l;lþ 1; . . .þ l, and a radial quantum number n.
For each fn; l; mg and its eigenfrequency !nlm, there are
actually two different quasinormal modes (a two-fold
degeneracy). Of course, any linear combination of these
two modes is also a mode. We focus on those linear
combinations of modes that have definite parity
(Appendix C).
We define a tensor field to have positive parity if it is
unchanged under reflections through the origin and nega-
tive parity if it changes sign. A quasinormal mode of order
ðn; l; mÞ is said to have electric parity [or magnetic parity]
if the parity of its metric perturbation is ð1Þl [or ð1Þlþ1].
The parity of the tidal-field perturbation is the same as that
of the metric perturbation, but that of the frame-drag field
is opposite. In much of the literature the phrase ‘‘even
parity’’ is used in place of ‘‘electric parity,’’ and ‘‘odd
parity’’ in place of ‘‘magnetic parity’’; we avoid those
phrases because of possible confusion with positive parity
and negative parity.
In this paper, we focus primarily on the most slowly
damped (n ¼ 0) quadrupolar (l ¼ 2) modes, for various
azimuthal quantum numbers m and for electric and mag-
netic parity. Since we discuss exclusively the n ¼ 0modes,
we will suppress the n index and abbreviate mode numbers
as ðl; mÞ.
3. The duality of magnetic-parity
and electric-parity modes
In vacuum, the exact Bianchi identities for the Riemann
tensor become, under a slicing-induced split of spacetime
into space plus time, a set of Maxwell-like equations for
the exact tidal field and frame-drag field [Eqs. (2.15) of
Paper I [2] in a local Lorentz frame; Eqs. (2.13) and (2.4) of
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Paper I in general]. These Maxwell-like equations exhibit
an exact duality: If one takes any solution to them and
transforms E ! B, B ! E, they continue to be satisfied
(Sec. II B 1 of Paper I [2]).
This duality, however, is broken by the spacetime ge-
ometry of a stationary black hole. A Schwarzschild black
hole has a monopolar tidal field E and vanishing frame-
drag field B; and a Kerr black hole has a monopolar
component to its tidal field (as defined by a spherical-
harmonic analysis at large radii or at the horizon), but
only dipolar and higher-order components to its frame-
drag field.
When a Schwarzschild or Kerr black hole is per-
turbed, there is a near duality between its electric-parity
mode and its magnetic-parity mode of the same ðl; mÞ;
but the duality is not exact. The unperturbed hole’s
duality breaking induces (surprisingly weak) duality-
breaking imprints in the quasinormal modes. We
explore this duality breaking in considerable detail in
this paper (Secs. II, III A, III B 3, and III C 2, and
Appendixes C and E 2).
If one tries to see the duality between electric-parity and
magnetic-parity modes, visually, in pictures of the per-
turbed hole’s tendex and vortex lines, the duality is hidden
by the dominant background tidal field and (for a spinning
hole) the background frame-drag field. To see the duality
clearly, we must draw pictures of tendex and vortex lines
for the perturbative parts E and B of the tidal and frame-
drag fields, with the unperturbed fields subtracted off. We
draw many such pictures in this paper.
We have made extensive comparisons of the least
damped (n ¼ 0) electric-parity and magnetic-parity modes
with (l ¼ 2, m ¼ 2). These two (2,2) modes (for any
chosen black-hole mass M and spin parameter a) have
identically the same complex eigenfrequency, i.e., they
are degenerate (as has long been known and as we dis-
cussed above). This frequency degeneracy is an unbroken
duality.
Pictures of the perturbative vortex and tendex lines and
their color-coded vorticities and tendicities show a strong
but not perfect duality: For a nonspinning hole, the pertur-
bative vortex lines and their vorticities for the magnetic-
parity mode (e.g., Fig. 2) look almost the same as the
perturbative tendex lines and their tendicities for the
electric-parity mode (Fig. 12) and similarly for the other
pair of lines and eigenvalues. As the hole’s spin is
increased, the duality becomes weaker (the corresponding
field lines and eigenvalues begin to differ noticeably); but
even for very high spins, the duality is strikingly strong; see
bottom row of Fig. 12 below. The duality remains perfect
on the horizon in ingoing radiation gauge for any spin, no
matter how fast (Sec. III A and Appendix E), and there is a
sense in which it also remains perfect on the horizon of
Schwarzschild in Regge-Wheeler gauge (last paragraph of
Appendix A 5).
4. Digression: Electromagnetic perturbations of a
Schwarzschild black hole
As a prelude to discussing the physical character of the
gravitational modes of a black hole, we shall discuss
electromagnetic (EM) modes, i.e., quasinormal modes of
the EM field around a black hole. The properties of EM
modes that we shall describe can be derived from
Maxwell’s equations in the Schwarzschild and Kerr space-
times, but we shall not give the derivations.
Because the unperturbed hole has no EM field and the
vacuum Maxwell equations exhibit a perfect duality (they
are unchanged when E! B and B! E), the EM
modes exhibit perfect duality. For any magnetic-parity
EM mode, the magnetic field pierces the horizon, so its
normal component BN is nonzero, while EN vanishes. By
duality, an electric-parity EMmode must have EN  0 and
BN ¼ 0. For a magnetic-parity mode, the near-zone mag-
netic fields that stick out of the horizon can be thought of as
the source of the mode’s emitted EM waves. We make this
claim more precise by focusing on the fundamental
(n ¼ 0), magnetic-parity, l ¼ 1, m ¼ 1 mode:
Figure 1 shows magnetic field lines for this (1,1) mode,
on the left (a) in the hole’s equatorial plane, and on the
right (b) in three dimensions with the equatorial plane
horizontal. On the left, we see a bundle of magnetic field
lines that thread through the horizon and rotate counter-
clockwise. As they rotate, the field lines spiral outward and
backward, like water streams from a whirling sprinkler,
becoming the magnetic-field component of an outgoing
electromagnetic wave. The electric field lines for this
mode (not shown) are closed circles that represent the
electric part of electromagnetic waves traveling outward
at radii r 2M and inward at radii r ’ 2M. This mode’s
waves, we claim, are generated by the near-zone, rotating
magnetic field lines that thread the hole [Fig. 1(a)]. An
analogy will make this clear.
FIG. 1 (color online). (a) Some magnetic field lines in the
equatorial plane for the (1,1) quasinormal mode of the electro-
magnetic field around a Schwarzschild black hole, with
Eddington-Finklestein slicing. The horizon is color coded by the
sign of the normal component of the magnetic field. The configu-
ration rotates counterclockwise in time. (b) Some magnetic field
lines for this same quasinormal mode, in three dimensions.
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Consider a rotating (angular velocity ), perfectly
conducting sphere in which is anchored a magnetic field
with the same dipolar normal component BN /
<½Y11ð	;
Þeit as the horizon’s BN for the (1,1) quasi-
normal mode [the red (light gray) and blue (dark gray)
coloring on the horizon in Fig. 1]. At some initial moment
of time, lay down outside the conducting sphere a
magnetic-field configuration that (i) has this BN at the
sphere, (ii) satisfies the constraint equation r  B ¼ 0,
and (iii) resembles the field of Fig. 1 in the near zone,
i.e., at r &  ¼ c= and at larger radii has some arbitrary
form that is unimportant; and (iv) (for simplicity) specify a
vanishing initial electric field. Evolve these initial fields
forward in time using the dynamical Maxwell equations. It
should be obvious that the near-zone, rotating magnetic
field will not change much. However, as it rotates, via
Maxwell’s dynamical equations it will generate an electric
field, and those two fields, interacting, will give rise to the
outgoing electromagnetic waves of a l ¼ 1, m ¼ 1 mag-
netic dipole. Clearly, the ultimate source of the waves is the
rotating, near-zone magnetic field that is anchored in the
sphere. (Alternatively, one can regard the ultimate source
as the electric currents in the sphere that maintain the near-
zone magnetic field).
Now return to the magnetized black hole of Fig. 1 and
pose a similar evolutionary scenario: At some initial
moment of time, lay down a magnetic-field configuration
that (i) has the same normal component at the horizon as the
(1,1) mode, (ii) satisfies the constraint equation r  B ¼ 0,
and (iii) resembles the field of Fig. 1 in the near zone. In this
case, the field is not firmly anchored in the central body (the
black hole), so we must also specify its time derivative to
make sure it is rotating at the same rate as the (1,1) quasi-
normal mode. This means (by a dynamical Maxwell equa-
tion) that wewill also be giving a nonvanishing electric field
that resembles, in the near zone, that of the (1,1) mode and
in particular does not thread the horizon. Now evolve this
configuration forward in time. It will settle down, rather
quickly, into the (1,1) mode, with outgoing waves in the
wave zone and ingoing waves at the horizon. This is because
the (1,1) mode is the most slowly damped quasinormal
mode that has significant overlap with the initial data.
As for the electrically conducting, magnetized sphere, so
also here, the emitted waves are produced by the rotation of
the near-zone magnetic field. But here, by contrast with
there, the emitted waves act back on the near-zone
magnetic field, causing the field lines to gradually slide
off the horizon, resulting in a decay of the field strength at a
rate given by the imaginary part of the mode’s complex
frequency.
This backaction can be understood in greater depth by
splitting the electric and magnetic fields, near the horizon,
into their longitudinal (radial) and transverse pieces. The
longitudinal magnetic field is BN , and it extends radially
outward for a short distance; the tangential magnetic field
is a two-vector BT parallel to the horizon; and similarly for
the electric field, which has EN ¼ 0 and so is purely
transverse. The tangential fields actually only look like
ingoing waves to observers who, like the horizon, move
outward at (almost) the speed of light: the observers of a
Schwarzschild time slicing. As one learns in the membrane
paradigm for black holes (Secs. IIIB4 and IIIC2 of
Ref. [9]), such observers can map all the physics of the
event horizon onto a stretched horizon—a spacelike two-
surface of constant lapse function  ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 2M=rp  1
very close in spacetime to the event horizon. On the
stretched horizon, these observers see ET ¼ NBT
(ingoing-wave condition), and the tangential magnetic
field acts back on the longitudinal field via
@BN
@t
þ ð2Þr  ðBTÞ ¼ 0: (1.3)
Here ð2Þr  ðBTÞ is the two-dimensional divergence in the
stretched horizon, and the lapse function in this equation
compensates for the fact that the Schwarzschild observers
see a tangential field that diverges as 1= near the horizon,
due to their approach to the speed of light.
Equation (1.3) is a conservation law for magnetic field
lines on the stretched horizon. The density (number per
unit area) of field lines crossing the stretched horizon isBN ,
up to a multiplicative constant; the flux of field lines
(number moving through unit length of some line in the
stretched horizon per unit time) is BT, up to the same
multiplicative constant; and Eq. (1.3) says that the time
derivative of the density plus the divergence of the flux
vanishes: the standard form for a conservation law.
Return to Fig. 1; the dynamics embodied in this scenario
are summarized as follows: The longitudinal magnetic
field BNð	;
Þ is laid down as an initial condition (satisfy-
ing the magnetic constraint condition). As it rotates, it
generates the ingoing-wave near-horizon transverse fields
embodied in ET and BT (and also the outgoing electro-
magnetic waves far from the hole); and the divergence of
BT, via Eq. (1.3), then acts back on the longitudinal field
that produced it, pushing the field lines away from the
centers of the blue (dark gray) and red (light gray) spots
on the stretched horizon toward the white ring. Upon
reaching the white ring, each field line in the red region
attaches onto a field line from the blue region and slips out
of the horizon. Presumably, the field line then travels out-
ward away from the black hole and soon becomes part of
the outgoing gravitational waves. The gradual loss of field
lines in this way is responsible for the mode’s exponential
decay.
5. The physical character of magnetic-parity
and electric-parity modes
For a Schwarzschild black hole, the physical character
of the gravitational modes is very similar to that of the
electromagnetic modes:
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Just as a magnetic-parity EM mode has nonzero BN and
vanishing EN , so similarly for a Schwarzschild black hole,
the magnetic-parity modes of any ðl; mÞ have nonzero
(solely perturbative) horizon vorticity BNN ¼ BNN and
vanishing perturbative horizon tendicity ENN ¼ 0; and
correspondingly, from the horizon there emerge nearly
normal vortex lines that are fully perturbative and no
nearly normal perturbative tendex lines.
Just as in the EM case, the near-zone magnetic fields that
emerge from the horizon are the source of the emitted
electromagntic waves, so also in the gravitational case,
for a magnetic-parity mode the emerging, near-zone, vor-
tex lines and their vorticities can be thought of as the
source of the emitted magnetic-parity gravitational waves
(see the next subsection). In this sense, magnetic-parity
modes can be thought of as fundamentally frame-drag in
their physical origin. Figure 2 below depicts a (2,2) ex-
ample. We will discuss this example in Sec. I C 6.
For a Schwarzschild black hole, the electric-parity
modes of any ðl; mÞ have nonzero perturbative horizon
tendicity ENN  0 and vanishing horizon vorticity
BNN ¼ BNN ¼ 0; and correspondingly, from the horizon
there emerge nearly normal perturbative tendex lines and
no nearly normal vortex lines. The emerging, near-zone,
perturbative tendex lines can be thought of as the source of
the mode’s emitted electric-parity gravitational waves. In
this sense, electric-parity modes can be thought of as
fundamentally tidal in their physical origin.
There is a close analogy, here, to the tidal and frame-
drag fields of dynamical multipoles in linearized theory
(Paper I [2]): Electric-parity (mass) multipoles have a tidal
field that rises more rapidly, as one approaches the origin,
than the frame-drag field, so these electric-parity multi-
poles are fundamentally tidal in physical origin. By con-
trast, for magnetic-parity (current) multipoles, it is the
frame-drag field that grows most rapidly as one approaches
the origin, so they are fundamentally frame-drag in physi-
cal origin.
When a black hole is spun up, the horizon vorticities of
its electric-parity modes become nonzero, and the horizon
tendicities of its magnetic-parity modes acquire nonzero
perturbations. However, these spin-induced effects leave
the modes still predominantly tidal near the horizon for
electric-parity modes and predominantly frame-drag near
the horizon for magnetic-parity modes (Sec. III).
6. The (2,2) magnetic-parity mode
of a Schwarzschild hole
In this and the next several subsections, we summarize
much of what we have learned about specific n ¼ 0, l ¼ 2
modes (the least-damped quadrupolar modes), for various
m. We shall focus primarily on magnetic-parity modes,
since at the level of this discussion the properties of
electric-parity modes are the same, after a duality trans-
formation E ! B, B ! E.
It is a remarkable fact that, for a magnetic-parity mode
of a Schwarzschild black hole, all gauges share the same
slicing, and the mode’s frame-drag field is unaffected by
perturbative changes of spatial coordinates; therefore, the
frame-drag field is fully gauge invariant. See Sec. II C. This
means that Figs. 2–8 are fully gauge invariant.
We begin with the (2,2) magnetic-parity mode of a
Schwarzschild black hole. Figure 2 depicts the negative-
vorticity vortex lines (red) and contours of their vorticity
[white and purple (dark gray)], in the hole’s equatorial
plane. Orthogonal to the red (solid) vortex lines (but not
shown) are positive-vorticity vortex lines that also lie in the
equatorial plane. Vortex lines of the third family pass
FIG. 2 (color online). Some vortex lines (solid, red lines) and
contours of vorticity (shaded regions) in the equatorial plane for
the (2,2) magnetic-parity quasinormal mode of a nonrotating,
Schwarzschild black hole, with complex eigenfrequency ! ¼
ð0:37367 0:08896iÞ=M where M is the hole’s mass. The
horizon (central circle) is color coded by the horizon vorticity
BNN as seen by someone looking down on the black hole; this
vorticity is entirely perturbative. The thick, solid red curves are
one set of vortex lines in the equatorial plane—the set with
negative vorticity. These lines include some that emerge from the
horizon in the negative-vorticity (red) regions and some that
never reach the horizon. The other, positive-vorticity, equatorial
vortex lines are orthogonal to the ones shown and are identical to
those shown but rotated through 90 degrees around the hole so
some of them emerge from the horizon in the positive-vorticity
(blue) regions. The contours represent the vorticity of the red
(negative-vorticity) vortex lines, with largest magnitude of vor-
ticity white and smallest purple (dark gray); the contours mark
where the vorticity has fallen to 50%, 25%, 10%, and 5% of the
maximum value attained at the center of the horizon vortex. The
two dotted circles are drawn at Schwarzschild radii r ¼  and
r ¼  ¼ =2. They mark the approximate outer edge of the
near zone and the approximate inner edge of the wave zone. The
arrow marks the direction of rotation of the perturbation.
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orthogonally through the equatorial plane. The entire con-
figuration rotates counterclockwise, as indicated by the
thick dashed arrow. The dotted lines, at radii r ¼  and
r ¼  (where  is the emitted waves’ reduced wave-
length), mark the approximate outer edge of the near
zone and the approximate inner edge of the wave zone.
Just as the near-zone electromagnetic (1, 1) perturba-
tions are dominated by radial field lines that thread the
black hole and have a dipolar distribution of field strength,
so here the near-zone gravitational perturbations are domi-
nated by (i) the radial vortex lines that thread the hole and
have a quadrupolar distribution of their horizon vorticity
BNN ¼ BNN and also by (ii) a transverse, isotropic
frame-drag field B	^ 	^ ¼ B
^ 
^ ¼  12BNN that is tied to
BNN in such a way as to guarantee that this dominant part
of B is traceless.
This full structure, the normal-normal field and its
accompanying isotropic transverse field, makes up the
longitudinal, nonradiative frame-drag field BL near the
horizon. (As we shall discuss below, this longitudinal
structure is responsible for generating the mode’s gravita-
tional waves and all of the rest of its fields.) Somewhat
smaller are (i) the longitudinal-transverse components
of B (Br^ 	^ and Br^ 
^), which together make up the
longitudinal-transverse part of the frame-drag field, a
two-vector BLT parallel to the horizon, and give the
horizon-piercing vortex lines small non-normal components;
FIG. 3 (color online). The vortex lines (solid black for clock-
wise; dashed black for counterclockwise) and color-coded vortic-
ities in the equatorial plane for the same magnetic-parity (2,2)
mode as in Fig. 2. This figure differs from Fig. 2 in ways designed
to give information about the emitted gravitational waves: (i) It
extends rather far out into the wave zone. (ii) It shows the angular
structure of the orticity for the dominant vortex lines in each
region of the equatorial plane. More specifically: the color at each
point represents the vorticity of the equatorial vortex line there
which has the largest magnitude of vorticity, with radial variations
of vorticity normalized away (so the linear color code on the left
indicates vorticity relative to the maximum at any given radius).
The regions of large positive vorticity [blue (dark gray)] are
clockwise vortexes; those of large negative vorticity [red (light
gray)] are counterclockwise vortexes.
FIG. 4 (color online). Some three-dimensional clockwise vor-
tex lines (shown black) and regions of large vorticity [vortexes,
shown blue (dark gray) and red (light gray)] and small vorticity
(shown off-white), for the same magnetic-parity mode of a
Schwarzschild black hole as in Figs. 2 and 3. More specifically:
the inner sphere is the horizon, color coded by its vorticity. The
blue region is a clockwise vortex in which one vortex line has
vorticity at least 85% of the maximum value at that radius, and
similarly for the counterclockwise red region. The four off-white
regions are locations where no vortex line has magnitude of
vorticity in excess of 25% of the maximum at that radius.
FIG. 5 (color online). Three-dimensional vortexes for the
magnetic-parity, (2,1) mode of a Schwarzschild black hole.
The colored surfaces enclose the region where, for each radius,
the vorticity of at least one vortex line exceeds 90% of the
maximum for that radius. In the blue and red (dark and light
gray) regions, the clockwise and counterclockwise vortex lines,
respectively, have the larger vorticity.
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and (ii) transverse-traceless components B	^ 	^ ¼ B
^ 
^,
which make up the transverse-traceless part of the frame-
drag field, a two-tensor BTT parallel to the horizon, and are
ingoing gravitational waves as seen by Schwarzschild
observers. (This decomposition into L, LT, and TT parts is
useful only near the horizon and in the wave zone, where
there are preferred longitudinal directions associated with
wave propagation.)
As the near-zone, longitudinal frame-drag field BL
rotates, it generates a near-zone longitudinal-transverse
(LT) perturbative frame-drag field BLT via B’s propaga-
tion equation (the wave equation for the Riemann tensor),
and it generates a LT tidal field ELT via the Maxwell-like
Bianchi identity which says, in a local Lorentz frame (for
simplicity), @E=@t ¼ ðrBÞS, where the superscript
‘‘S’’ means ‘‘symmetrize’’ [Eq. (2.15) of Paper I]. These
three fields, BL, BLT, and ELT together maintain each
other during the rotation via this Maxwell-like Bianchi
identity and its (local-Lorentz-frame) dual @B=@t ¼
ðr EÞS. They also generate the transverse-traceless
parts of both fields, BTT, and ETT, which become the
outgoing gravitational waves in the wave zone and ingoing
gravitational waves at the horizon.
In the equatorial plane, this outgoing-wave generation
process, described in terms of vortex and tendex structures,
is quite pretty and is analogous to the (1,1) magnetic-field
mode of Fig. 1 and Sec. I C 4: As one moves outward into
the induction zone and then the wave zone, the equatorial
vortex lines bend backward into outgoing spirals (Fig. 2)
and gradually acquire accompanying tendex lines. The
result, locally, in the wave zone, is the standard pattern
of transverse, orthogonal red and blue vortex lines; and
(turned by 45 degrees to them) transverse, orthogonal red
and blue tendex lines, that together represent plane gravi-
tational waves (Fig. 7 of Paper I).
It is instructive to focus attention on regions of space
with large magnitude of vorticity. We call these regions
‘‘vortexes.’’ Figure 3 shows that the equatorial frame-
drag field consists of four outspiraling vortexes, two red
[(light gray) counterclockwise] and two blue [(dark gray)
clockwise].
The solid black lines in the figure are clockwise vortex
lines. In the clockwise vortexes of the wave zone, they have
the large magnitude of vorticity that is depicted as blue
(dark gray), and they are nearly transverse to the radial
wave-propagation direction; so they represent crests of
outgoing waves. In the counterclockwise vortexes [red
(light gray) regions], these clockwise vortex lines have
very small magnitude of vorticity and are traveling roughly
FIG. 6 (color online). Vortex lines and vorticities for magnetic-
parity (2,0) mode of Schwarzschild in a surface S
 of constant

. The line and coloring conventions are the same as in Fig. 3
(solid lines for clockwise, dashed for counterclockwise; color
shows vorticity of the vortex line with largest magnitude of
vorticity, with radial variations removed and intensity of color
as in the key on right edge of Fig. 3). The central circle is the
horizon, color coded by the horizon vorticity.
FIG. 7 (color online). Positive-tendicity (blue) and negative-
tendicity (red) perturbative tendex lines of a (2,0) magnetic-
parity perturbation of a Schwarzschild black hole. These lines
spiral around deformed tori of progressively larger diameter. The
viewpoint is looking down onto the equatorial plane from the
positive symmetry axis. Upper right inset: The negative tendex
line spiraling around the outermost torus, viewed in cross section
from the equatorial plane. Lower right inset: The negative tendex
line spiraling around the small torus third from the center,
viewed in cross section from the equatorial plane. Also shown,
in black in the main drawing and the large inset, are two of this
mode’s vortex lines, one from Fig. 6 wrapping around the out-
ermost torus in a S
 plane; the other an azimuthal circle
wrapping around that torus in the 
 direction. This figure was
actually drawn depicting vortex lines of the electric-parity mode
discussed in Sec. VD; but by duality (which is excellent in the
wave zone), it also represents the tendexes of the magnetic-parity
mode discussed in this section.
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radially, leaping through a red vortex (a wave trough) from
one blue vortex (wave crest) to the next. These clockwise
vortex lines accumulate at the outer edges of the clockwise
(blue) vortexes.
The dashed black lines are counterclockwise vortex
lines, which are related to the red (light gray), counter-
clockwise vortexes in the same way as the solid clockwise
vortex lines are related to the blue (dark gray), clockwise
vortexes.
Outside the equatorial plane, this mode also represents
outgoing gravitational waves, once one gets into the wave
zone. We depict the strengths of the vortexes which
become those waves in Fig. 4. The blue (dark gray) regions
are locations where one vortex line has vorticity at least
85% of the maximum at that radius; in this sense, they are
clockwise vortexes. In the near zone, two (blue) clockwise
vortexes emerge radially from the horizon parallel to the
plane of the picture, and two (red) counterclockwise vor-
texes emerge radially toward and away from us. These are
three-dimensional versions of the four vortexes emerging
from the horizon in the equatorial plane of Fig. 3. In the
wave zone, the 85% vortexes are concentrated in the polar
regions, because this mode emits its gravitational waves
predominantly along the poles. The waves are somewhat
weaker in the equatorial plane, so although there are spi-
raling vortexes in and near that plane (Fig. 3), they do not
show up at the 85% level of Fig. 4. The off-white, spiral-
arm structures in the equatorial plane represent the four
regions where the wave strength is passing through a
minimum.
Turn attention from the wave zone to the horizon. There
the ingoing waves, embodied in BTT and ETT (which
were generated in the near and transition zones by rotation
of BL), act back on BL, causing its vortex lines to gradu-
ally slide off the horizon and thereby producing the mode’s
exponential decay.
Just as this process in the electromagnetic case is
associated with the differential conservation law (1.3) for
magnetic field lines threading the horizon, @BN=@tþ ð2Þr 
ðBTÞ, so also here it is associated with an analogous
(approximate) conservation law and an accompanying
driving equation, given in terms of two Newman-Penrose
equations (E9) of Appendix E and the perturbative parts of
the Weyl scalars 0, 1, and 
ð0Þ
2 :
Dð1Þ2 ¼ ð þ 2 2Þ1; (1.4a)
ðD 2Þ1 ¼ ð þ  4Þ0: (1.4b)
(Note that only 2 is nonzero for the background space-
time with our tetrad choice.) Here the notation is that of
Newman and Penrose: D is a time derivative on the hori-
zon, ð1Þ2 is the mode’s E
L þ iBL (equivalently ENN þ
iBNN in disguise), with EL and ENN vanishing for our
mode; 1 is the LT field ELT þ iBLT (as measured by
Schwarzschild observers) in disguise; 0 is the ingoing-
wave ETT þ iBTT (as measured by Schwarzschild
observers) in disguise;  is a divergence in disguise; and
, ; and  are NP spin coefficients. Equation (1.4b) says
that the ingoing waves embodied in ETT þ iBTT drive the
evolution of the quantity 1, and Eq. (1.4a) is an approxi-
mate differential conservation law in which this 1 plays
the role of the flux of longitudinal vortex lines (number
crossing a unit length per unit time) and 2 (i.e., BNN) is
the density of longitudinal vortex lines. This differential
conservation law says that the time derivative of the vortex-
line density plus the divergence of the vortex-line flux is
equal to some spin-coefficient terms that, we believe, are
generally small. (By integrating this approximate conser-
vation law over the horizon H , we see that
R
H BNNdA
must be nearly conserved, in accord with Eq. (1.2) above,
which tells us that the horizon integral is nearly zero. In
both cases, the integral conservation law (1.2) and the
differential conservation law (1.4a), it is numerically small
spin coefficients that slightly spoil the conservation for
vacuum perturbations of black holes. In Eq. (4.3), for a
magnetic-parity mode of Schwarzschild and Eddington-
Finkelstein slicing, we make this conservation law com-
pletely concrete and find that in this case it is precise; there
are no small spin coefficients to spoil it. We plan to inves-
tigate this conservation law in numerical simulations as
well, in which there may be additional subtleties related to
the formation of caustics.
Returning to the evolution of the (2,2) magnetic-parity
mode: The ingoing waves, via Eqs. (1.4), push the longi-
tudinal vortex lines away from the centers of the horizon
FIG. 8 (color online). Equatorial vortex structure of the super-
posed (2,2) and ð2;2Þ, magnetic-parity, fundamental modes of
a Schwarzschild black hole. The colors encode the vorticity of
the dashed vortex lines. The vorticity of the solid lines is not
shown but can be inferred from the fact that under a 90 rotation,
the dashed lines map into solid and the solid into dashed.
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vortexes toward their edges (toward the white horizon
regions in Figs. 2 and 3. At the edges, clockwise vortex
lines from the blue (dark gray) horizon vortex and counter-
clockwise from the red (light gray) horizon vortex meet
and annihilate each other, leading to decay of the longitu-
dinal part of the field and thence the entire mode.
We expect to explore this evolutionary process in greater
detail and with greater precision in future work.
Turn, next, to spinning black holes. In this case, the (2,2)
magnetic-parity mode has qualitatively the same character
as for a nonspinning black hole. The principal change is
due to the spin raising the mode’s eigenfrequency, and the
near zone thereby essentially disappearing, so the per-
turbed vortex lines that emerge from the horizon have a
significant back-spiral-induced tilt to them already at the
horizon. See Fig. 12 below.
7. The (2,1) magnetic-parity mode
of a Schwarzschild hole
For the (2,1) magnetic-parity mode of a
Schwarzschild black hole, there are two horizon vortexes
in the hole’s northern hemisphere (one counterlockwise,
the other clockwise), and two in the southern hemi-
sphere. From these emerge the longitudinal part of the
frame-drag field, in the form of four three-dimensional
vortexes (Fig. 5).
These four vortexes actually form two spiral arms, each
of which contains vortex lines of both signs (clockwise
and counterclockwise). The surface of each arm is color
coded by the sign of the vorticity that is largest in magni-
tude in that region of the arm. This dominant vorticity
flips sign when one passes through the equatorial plane—
from positive [i.e., blue (dark gray); clockwise] on one
side of the equator to negative [i.e., red (light gray);
clockwise] on the other side. The reason for this switch
is that for m ¼ 1 the eim
 angular dependence means
reflection antisymmetry through the polar axis, which
combined with the positive parity of the l ¼ 2 frame-
drag field implies reflection antisymmetry through the
equatorial plane. The (2,2) mode of the previous section,
by contrast, was reflection symmetric through both the
polar axis and the equatorial plane.
By contrast with the (2,2) mode, whose region of
largest vorticity switched from equatorial in the near
zone to polar in the wave zone (Fig. 3), for this (2,1)
mode, the region of largest vorticity remains equatorial
in the wave zone. In other words, this mode’s gravitational
waves are stronger in near-equator directions than in near-
polar directions. (Recall that in the wave zone, the vortexes
are accompanied by tendexes with tendicities equal in
magnitude to the vorticities at each event, so we can
discuss the gravitational-wave strengths without examin-
ing the tidal field).
Close scrutiny of the near-horizon region of Fig. 5
reveals a surprising feature: Within the 90% vortexes
(colored surfaces), the sign of the largest vorticity switches
as one moves from the near zone into the transition zone—
which occurs not very far from the horizon; see the inner
dashed circle in Fig. 2 above). This appears to be due to the
following: The near-zone vortexes are dominated by the
longitudinal part of the frame-drag field BL, which gen-
erates all the other fields including BLT via its rotation
[see discussion of the (2,2) mode above]. The longitudinal-
transverse field BLT is strong throughout the near zone
and comes to dominate over BL as one moves into the
transition zone. Its largest vorticity has opposite sign from
that of BL, causing the flip of the dominant vorticity and
thence the color switch as one moves into the transition
zone. (Note that a similar switch in the sign of the strongest
vorticity occurs for the magnetic-parity (2, 2) mode vor-
texes illustrated in Fig. 4, although there the transition
occurs farther out, at the edge of the wave zone.)
In Secs. VA and VB, we explore in considerable detail
this magnetic-parity (2,1) mode and also its near dual, the
electric-parity (2,1) mode, focusing especially on the
shapes of their vortexes.
8. The (2,0) magnetic-parity mode
of a Schwarzschild hole
The (2,0) magnetic-parity mode has very different dy-
namical behavior from that of the (2,1) and (2,2) modes.
Because of its axisymmetry, this mode cannot be generated
by longitudinal, near-zone vortexes that rotate around the
polar axis, and its waves cannot consist of outspiraling,
intertwined vortex and tendex lines.
Instead, this mode is generated by longitudinal, near-
zone vortexes that oscillate, and its waves are made up of
intertwined vortex lines and tendex lines that wrap around
deformed tori. These gravitational-wave tori resemble
smoke rings and travel outward at the speed of light.
More specifically: Because of axisymmetry, the (2,0)
magnetic-parity mode has one family of vortex lines that
are azimuthal circles of constant r and 	 and two families
that lie in surfaces S
 of constant 
. Figure 6 is a plot in
one of these S
 surfaces. (The plot for any other 
 will be
identical to this, by axisymmetry.) This plot shows the
vortex lines that lie in S
 and, by color coding at each
point, the vorticity of the strongest of those lines.
Notice that, at this phase of oscillation, there are clock-
wise (solid) vortex lines sticking nearly radially out of the
horizon’s polar regions and counterclockwise (dashed)
vortex lines sticking nearly radially out of the horizon’s
equatorial region. A half cycle later the poles will be red
(light gray) and equator blue (dark gray). These near-zone
vortex lines are predominantly the longitudinal part of the
frame-drag field BL, which we can regard as working
hand in hand with the near-zone, longitudinal-transverse
tidal field ELT to generate the other fields.
As we shall see in Sec. VC (and in more convincing
detail for a different oscillatory mode in Sec. IVC), the
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dynamics of the oscillations are these: Near-zone energy 1
oscillates back and forth between the near-zone BL and
the near-zone BLT and ELT. As BL decays, its vortex
lines slide off the hole and (we presume) form closed
loops, lying in S
, which encircle outgoing deformed
tori of perturbed tendex lines that become the transverse-
traceless gravitational waves. Only part of the energy in
BL goes into the outgoing waves. Some goes into the TT
ingoing waves, and the rest (a substantial fraction of the
total energy) goes into BLT and ELT, which then use it
to regenerate BL, with its horizon-penetrating vortex
lines switched in sign (color), leading to the next half cycle
of oscillation.
The vortex lines that encircle the gravitational-wave tori
are clearly visible in Fig. 6. Each solid (clockwise) line is
tangential (it points nearly in the 	 direction) when it is near
the crest (the maximum-vorticity surface) of a blue (dark
gray), lens-shaped gravitational-wave vortex. As it nears
the north or south pole, it swings radially outward becom-
ing very weak (low vorticity) and travels across the red
trough of the wave, until it nears the next blue crest. There it
swings into the transverse, 	 direction and travels toward
the other pole, near which it swings back through the red
trough and joins onto itself in the original blue crest.
Each dashed (counterclockwise) closed vortex line
behaves in this same manner, but with its transverse por-
tions lying near red (light gray) troughs (surfaces of most
negative vorticity). Near the red troughs, there are blue
azimuthal vortex lines (not shown) that encircle the hole
in the 
 direction, and near the blue crests, there are red
azimuthal lines.
Figure 7 sheds further light on these gravitational-wave
tori. It shows in three dimensions some of the perturbative
tendex lines for the (2,0) magnetic-parity mode that we are
discussing. (For this mode, two families of perturbative
tendex lines, one red [counterclockwise] and the other blue
[clockwise], have nonzero tendicity and the third family
has vanishing tendicity.) As is required by the structure of a
gravitational wave (transverse tendex lines rotated by 45
degrees relative to transverse vortex lines), these perturba-
tive tendex lines wind around tori with pitch angles of 45
degrees; one family winds clockwise and the other counter-
clockwise, and at each point the two lines have the same
magnitude of vorticity.
A close examination of Fig. 7 reveals that the tori around
which the perturbative tendex lines wrap are half as thick
as the tori around which the vortex lines wrap. Each
tendex-line torus in Fig. 7 is centered on a single node of
the gravitational-wave field; the thick red torus in the upper
right panel reaches roughly from one crest of the wave to
an adjacent trough. By contrast, each vortex-line torus
(Fig. 6 and black poloidal curves in Fig. 7) reach from
crest to crest or trough to trough and thus encompass two
gravitational-wave nodes.
Each node in the wave zone has a family of nested
tendex-line tori centered on it. The four tendex-line tori
shown in Fig. 7 are taken from four successive families,
centered on four successive nodes. The second thin torus is
from near the center of one nested family; it tightly hugs a
node and therefore has near vanishing tendicity. The two
thick tori are from the outer reaches of their nested families.
For further details of the (2,0) modes, see Secs. VC and
VD below.
9. The superposed (2,2) and ð2;2Þ magnetic-parity
mode of a Schwarzschild hole
As we have seen, the magnetic-parity, (2, 2) mode of a
Schwarzschild black hole represents vortexes that rotate
counterclockwise around the hole, spiraling outward and
backward (Figs. 2–4 above). If we change the sign of the
azimuthal quantum number tom ¼ 2, the vortexes rotate
in the opposite direction and spiral in the opposite direc-
tion. If we superpose these two modes (which, for
Schwarzschild, have the same eigenfrequency), then, natu-
rally, we get a nonrotating, oscillatory mode whose
dynamics are similar to those of the (2,0) mode of the
last subsection. See Sec. IV for details.
Figure 8 is a snapshot of the two families of vortex lines
that lie in this mode’s equatorial plane. The plane is
colored by the vorticity of the dashed vortex lines; they
are predominantly counterclockwise (red), though in some
regions they are clockwise (blue).
1We use the term ‘‘energy’’ in a generalized and descriptive
sense here and elsewhere in this paper. We note, however, that
with a suitable (nonunique) definition of local energy, we can
make these notions more precise. For example, the totally
symmetric, traceless Bel-Robinson tensor serves as one possible
basis for this. In vacuum it is T ¼ 1=2ðCC  þ
CC



Þ with  denoting the Hodge dual, and it is com-
pletely symmetric and obeys the differential conservation law
rT ¼ 0. Given a unit timelike slicing vector ~u we con-
veniently have Wð ~uÞ ¼ Tuuuu ¼ 1=2ðEijEij þ
BijB
ijÞ 	 0 as a positive-definite superenergy built from the
squares of the tidal and frame-drag fields in a given slice (see
the reprint of Bel’s excellent paper [10] for motivation and
definition, e.g., Penrose and Rindler [5] for the spinor represen-
tation of the Bel-Robinson tensor, and e.g., Ref. [11] for its
relation to notions of quasilocal energy). As another example,
magnetic-parity modes of Schwarzschild are describable by the
Regge-Wheeler function Qðr; tÞ which satisfies the Sturm-
Liouville equation Q;rr Q;tt V ðrÞQ ¼ 0 [Eq. (A5) but
with the ei!t time dependence absorbed into Q]. The integral
conservation law associated with this Sturm-Liouville equation
is @=@t
R
b
aðQ2;r þQ2;t þVQ2Þdr ¼ 2Q;rQ;tjba. The quantity
inside the integral can be regarded as an energy density, and
the quantity on the right-hand side an energy flux. For the ð2; mÞ
magnetic-parity mode, Eqs. (A12a) and (A12d) express Q in
terms of the time derivative of the longitudinal part of B with
its angular dependence Y2m removed: Q ¼ ðr3=12Þ@Br^ r^=@t.
Others of Eqs. (A12) and (26) relate Q;r to the LT parts of B
and E. This could be the foundation for a second way to make
more precise the notion of energy fed back and forth between the
various parts of B and E.
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The red (light gray) regions form interleaved rings
around the black hole that expand outward at the speed
of light, along with their dashed vortex lines. These rings
are not tori in three dimensions because [by contrast with
the (2,0) mode] the frame drag field grows stronger as one
moves up to the polar regions, rather than weakening. As
the mode oscillates, the longitudinal near-zone frame-drag
fieldBL, which drives the mode, generates new interleaved
rings, one after another and sends them outward.
During the oscillations, there are phases at which the
longitudinal field BL threading the hole goes to zero, and
so the hole has vanishing horizon vorticity. The near-zone
oscillation energy, at these phases, is locked up in the near-
zone, longitudinal-transverse fields BLT and ELT, which,
via the Maxwell-like Bianchi identities (and the propaga-
tion equation that they imply), then feed energy into the
longitudinal near-zone frame-drag field BL, thereby gen-
erating new horizon-threading vortex lines, which will give
rise to the next ejected interleaved ring.
We explore these dynamics in greater detail in Sec. IVC.
D. This paper’s organization
The remainder of this paper is organized as follows: In
Sec. II, we introduce the time slicing and coordinates used
throughout this paper for the background Schwarzschild
and Kerr spacetimes, we introduce the two gauges that we
use for Schwarzschild perturbations (Regge-Wheeler-
Zerilli and ingoing radiation gauges) and the one gauge
(ingoing radiation) we use for Kerr, we discuss how our
various results are affected by changes of gauge, and we
discuss how we perform our computations. In Secs. III, IV,
and V, we present full details of our results for the funda-
mental (most slowly damped) quadrupolar modes of
Schwarzschild and Kerr: (2,2) modes in Sec. III; super-
posed (2,2) and (2,-2) modes in Sec. IV; and both (2,1) and
(2,0) modes in Sec. V. In Sec. III D, we compare vortex
lines computed in a numerical-relativity simulation of a
binary black hole at a late time, when the merged hole is
ringing down, with the vortex lines from this paper for the
relevant quasinormal mode; we obtain good agreement. In
Sec. VI, we make a few concluding remarks. And in six
appendices, we present mathematical details that underlie a
number of this paper’s computations and results.
II. SLICINGS, GAUGES, AND
COMPUTATIONAL METHODS
When calculating the tidal and frame-drag fields of
perturbed black-hole spacetimes, we must choose a slicing
and also spatial coordinates on each slice, for both the
background spacetime and at first order in the perturba-
tions (‘‘perturbative order’’). The perturbative-order
choices of slicing and spatial coordinates are together
called the chosen ‘‘gauge.’’ We will always use the same
choice of background slicing and coordinates in this study,
but we will use different choices for our gauge.
This section describes the choices we make, how they
influence the vortex and tendex lines and their vorticities
and tendicities (which together we call the ‘‘vortex and
tendex structures’’), and a few details of how, having made
our choices, we compute the perturbative frame-drag and
tidal fields and the vortex and tendex structures. Most of
the mathematical details are left to later sections and
especially appendices.
In Sec. II A, we describe our choices of slicing and
spatial coordinates. In Sec. II B, we sketch how we calcu-
late the perturbative frame-drag and tidal fields and visual-
ize their vortex and tendex structures. In Sec. II C, we
explore how those structures change under changes of
gauge, i.e., changes of the perturbative slicing and pertur-
bative spatial coordinates.
A. Slicing, spatial coordinates, and gauge
Throughout this paper, for the background (unperturbed)
Kerr spacetime, we use slices of constant Kerr-Schild (KS)
time ~t, which is related to the more familiar Boyer-
Lindquist time by
~t ¼ tþ r  r; where drdr ¼
r2 þ a2

: (2.1)
(Eq. (6.2) of Paper II [4]). Here t and r are the Boyer-
Lindquist time and radial coordinates, a is the black hole’s
spin parameter (angular momentum per unit mass), and
 
 r2  2Mrþ a2, with M the black-hole mass. Our
slices of constant ~t penetrate the horizon smoothly, by
contrast with slices of constant t, which are singular at
the horizon. In the Schwarzschild limit a! 0, t and r
become Schwarzschild’s time and radial coordinates,
and ~t becomes ingoing Eddington-Finkelstein time,
~t ¼ tþ 2M lnjr=2M 1j.
On a constant-~t slice in the background Kerr spacetime,
we use Cartesian-like KS (Kerr-Schild) spatial coordinates
when visualizing vortex and tendex structures; but in many
of our intermediary computations, we use Boyer-Lindquist
spatial coordinates fr; 	;
g (which become Schwarzschild
as a! 0). The two sets of coordinates are related by
xþ iy ¼ ðrþ iaÞei ~
 sin	; z ¼ r cos	: (2.2)
[Eq. (6.7) of Paper II]. Here
~
 ¼ 
þ
Z 1
r
a

dr (2.3)
[Eq. (6.5) of Paper II] is an angular coordinate that, unlike

, is well behaved at the horizon. In the Schwarzschild
limit, the KS fx; y; zg coordinates become the quasi-
Cartesian fx; y; zg associated with Eddington-Finkelstein
(EF) spherical coordinates fr; 	; 
g.
Our figures (e.g., 2–8 above) are drawn as though the KS
fx; y; zg were Cartesian coordinates in flat spacetime—i.e.,
in the Schwarzschild limit, as though the EF fr; 	;
g were
spherical polar coordinates in flat spacetime.
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We denote by gð0Þ the background metric in KS space-
time coordinates [Eq. (6.8) of Paper II] (or EF spacetime
coordinates in the Schwarzschild limit). When the black
hole is perturbed, the metric acquires a perturbation h
whose actual form depends on one’s choice of gauge—i.e.,
one’s choice of slicing and spatial coordinates at perturba-
tive order.
For Schwarzschild black holes, we use two different
gauges as a way to assess the gauge dependence of our
results: (i) Regge-Wheeler-Zerilli (RWZ) gauge, in which
h is a function of two scalars (Q for magnetic parity and
Z for electric parity) that obey separable wave equations in
the Schwarzschild spacetime and that have spin-weight
zero (see Appendix A for a review of this formalism) and
(ii) ingoing radiation (IR) gauge, in which h is computed
from the Weyl scalar 0 (or 4) that obeys the separable
Bardeen-Press equation. The method used to compute
the metric perturbation from 0 is often called the
Chrzanowski-Cohen-Kegeles (CCK) procedure of metric
reconstruction (see Appendix C).
In Appendix D, we exhibit explicitly the relationship
between the RWZ and IR gauges, for electric- and
magnetic-parity perturbations. The magnetic-parity
perturbations have different perturbative spatial coordi-
nates but the same slicing. (In fact, all gauges related by
a magnetic-parity gauge transform have identically the
same slicing for magnetic-parity perturbations of
Schwarzschild [although the same is not true for Kerr];
see Sec. II C). For electric-parity perturbations, the two
gauges have different slicings and spatial coordinates.
For all the perturbations that we visualize in this paper,
the tendexes and vortexes show quite weak gauge depen-
dence. See, e.g., Sec. III, where we present results from
both gauges. The results in Secs. IVand Vare all computed
in RWZ gauge.
For Kerr black holes, there is no gauge analogous to
RWZ; but the IR gauge and the CCK procedure that under-
lies it are readily extended from Schwarzschild to Kerr. In
this extension, one constructs the metric perturbation from
solutions to the Teukolsky equation (see Appendix B) for
the perturbations to the Weyl scalars 0 and 4, in an
identical way to that for a Schwarzschild black hole
described above. Our results in this paper for Kerr black
holes, therefore, come solely from the IR gauge.
B. Sketch of computational methods
This section describes a few important aspects of how
we calculate the tidal and frame-drag fields and their vortex
and tendex structures which are visualized and discussed in
Secs. III, IV, and V.
We find it convenient to solve the eigenvalue problem in
an orthonormal basis (orthonormal tetrad) given by the
four-velocities of the Kerr-Schild (KS) or Eddington-
Finkelstein (EF) observers, and a spatial triad, ~ea^, carried
by these observers.
The background EF tetrad for the Schwarzschild space-
time, expressed in terms of Schwarzschild coordinates, is
~uð0Þ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ2M=rp

1
2
@
@t
2M
r
@
@r

;
~eð0Þr^ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ2M=rp

@
@r
 2M
2r
@
@t

;
~eð0Þ
	^
¼1
r
@
@	
; ~eð0Þ

^
¼ 1
rsin	
@
@

:
(2.4)
[cf. Eqs. (4.4) of Paper II, which, however, are written
in terms of the EF coordinate basis rather than
Schwarzschild]. The background orthonormal tetrad for
KS observers (in ingoing Kerr coordinates f~t; r; 	; ~
g; see
Paper II, Sec. VI C) is
~uð0Þ ¼H@~t2MrH @r; ~e
ð0Þ
r^ ¼
ﬃﬃﬃ
A
p
H
@rþaHﬃﬃﬃ
A
p @ ~
;
~eð0Þ
	^
¼ 1ﬃﬃﬃﬃ

p @	; ~eð0Þ~^
 ¼
ﬃﬃﬃﬃ

A
s
1
sin	
@ ~
;
(2.5a)
where we have defined
 ¼ r2 þ a2cos2	; (2.5b)
H ¼ 1þ 2Mr

; (2.5c)
A ¼ ðr2 þ a2Þ2  a2ðr2  2Mrþ a2Þsin2	 (2.5d)
[see Eq. (B2) of Paper II].
When the black hole is perturbed, the tetrad
f ~uð0Þ; ~eð0Þr^ ; ~eð0Þ	^ ; ~e
ð0Þ
~^

g acquires perturbative corrections that
keep it orthonormal with respect to the metric g ¼
gð0Þ þ h. We choose the perturbative corrections to the
observers’ four-velocity so as to keep it orthogonal to the
space slices, i.e., so as to keep ~u ¼  ~r~t . (Here  ¼
d=d~t, differentiating along the observer’s world line, is
the observer’s lapse function.) A straightforward calcula-
tion using the perturbed metric gives the following contra-
variant components of this ~u:
u¼uð0Þ þuð1Þ; uð1Þ ¼
1
2
h0^ 0^u

ð0Þhuð0Þ ; (2.6)
where h0^ 0^ ¼ huð0Þuð0Þ, and uð0Þ is the four-velocity of
the background observers.
We choose the perturbative corrections to the spatial
triad f ~ej^g so the radial vector stays orthogonal to surfaces
of constant r in slices of constant ~t, the 	^ direction con-
tinues to run orthogonal to curves of constant 	 in surfaces
of constant r and ~t, and the 
^ vector changes only in its
normalization.
When written in terms of the unperturbed tetrad and
projections of the metric perturbation into the unperturbed
tetrad, the perturbation to the tetrad then takes the form
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~uð1Þ ¼ 12 h0^ 0^ ~uð0Þ  h0^ i^ ~e
i^
ð0Þ; (2.7a)
~eð1Þr^ ¼ 
1
2
hr^ r^ ~e
ð0Þ
r^  hr^ A^ ~eA^ð0Þ; (2.7b)
~eð1Þ
	^
¼  1
2
h	^ 	^ ~e
ð0Þ
	^
 h	^ 
^ ~e
^ð0Þ; (2.7c)
~eð1Þ

^
¼  1
2
h
^ 
^ ~e
ð0Þ

^
; (2.7d)
where i^ is summed over r^, 	^, and 
^, and A^ is summed over
only 	^ and 
^.
In Appendixes A (RWZ gauge) and C (IR gauge), we
give the details of how we compute the components
E i^ j^ ¼ Eð0Þi^ j^ þ E
ð1Þ
i^ j^
; Bi^ j^ ¼ Bð0Þi^ j^ þB
ð1Þ
i^ j^
(2.8)
of the tidal and frame-drag field in this perturbed tetrad.
The background portions Eð0Þ
i^ j^
and Bð0Þ
i^ j^
are the stationary
fields of the unperturbed black hole, which were computed
and visualized in Paper II. The perturbative pieces, Eð1Þ
i^ j^
and
Bð1Þ
i^ j^
are the time-dependent, perturbative parts, which
carry the information about the quasinormal modes, their
geometrodynamics, and their gravitational radiation.
As part of computing the perturbative Eð1Þ
i^ j^

 E i^ j^ and
Bð1Þ
i^ j^

 Bi^ j^ for a chosen quasinormal mode of a Kerr
black hole, we have to solve for the mode’s Weyl-scalar
eigenfunctions ð1Þ0 and 
ð1Þ
4 and eigenfrequency !. To
compute the frequencies, we have used, throughout this
paper, Emanuele Berti’s elegant computer code [12],
which is discussed in Ref. [13] and is an implementation
of Leaver’s method [14]. To compute the eigenfunctions,
we our own independent code (which also uses the same
procedure as that of Berti). In Appendix C, we describe
how we extract the definite-parity (electric or magnetic)
eigenfunctions from the non-definite-parity functions.
To best visualize each mode’s geometrodynamics and
generation of gravitational waves in Secs. III, IV, and V, we
usually plot the tendex and vortex structures of the pertur-
bative fields Eð1Þ
i^ j^
andBð1Þ
i^ j^
. However, when we compare our
results with numerical-relativity simulations, it is neces-
sary to compute the tendex and vortex structures of the full
tidal and frame-drag fields (background plus perturbation),
because of the difficulty of unambiguously removing a
stationary background field from the numerical simula-
tions. As one can see in Figs. 15 and 26, in this case
much of the detail of the geometrodynamics and wave
generation is hidden behind the large background field.
In either case, the tendex and vortex structure of the
perturbative fields or the full fields, we compute the field
lines and their eigenvalues in the obvious way: At selected
points on a slice, we numerically solve the eigenvalue
problem
E i^ j^Vj^ ¼ Vi^ (2.9)
for the three eigenvalues  and unit-normed eigenvectors
Vi^ of E i^ j^, and similarly for Bi^ j^; and we then compute the
integral curve (tendex or vortex line) of each eigenvector
field by evaluating its coordinate components Vj in the
desired coordinate system (KS or EF) and then numerically
integrating the equation
dxj
ds
¼ Vj; (2.10)
where s is the proper distance along the integral curve.
C. Gauge changes: Their influence on tidal
and frame-drag fields and field lines
For perturbations of black holes, a perturbative gauge
change is a change of the spacetime coordinates, x
0 ¼
x þ , that induces changes of the metric that are of
order the metric perturbation; when dealing with definite
parity perturbation, we split the generator of the transform
 into definite electric- and magnetic-parity components.
The gauge change has two parts: A change of slicing
generated by 0, and a change of spatial coordinates
~t0 ¼ ~tþ 0 xj0 ¼ xj þ j: (2.11)
Here all quantities are to be evaluated at the same event, P ,
in spacetime.
Because 0 is a scalar under rotations in the
Schwarzschild spacetime—and all scalar fields in
Schwarzschild have electric parity—for a magnetic-parity
, 0 vanishes, and the slicings for magnetic-parity
quasinormal modes of Schwarzschild are unique. For
these modes, all gauges share the same slicing (see
Appendix D).2
1. Influence of a perturbative slicing change
For (electric-parity) changes of slicing, the new observ-
ers, whose world lines are orthogonal to the new slices,
~t0 ¼ const, move at velocity
v ¼ r0 (2.12)
with respect to the old observers, whose world lines are
orthogonal to the old slices ~t ¼ const). Here r is the
2In the Kerr spacetime, however, there are magnetic-parity
changes of slicing, because 0 no longer behaves as a scalar
under rotations. To understand this more clearly, consider, as a
concrete example, a vector in Boyer-Lindquist coordinates with
covariant components  ¼ ð0; 0; Xlm	 ; Xlm
 ÞfðrÞei!t, where XlmA
are the components of a magnetic-parity vector spherical har-
monic [see Eq. (C26a)]. This vector’s contravariant components
are  ¼ ðgt
Xlm
 ; 0; g		Xlm	 ; g

Xlm
 ÞfðrÞei!t, where gt
, g		,
and g

 are the contravariant components of the Kerr metric
(which have positive parity). The vector  has magnetic parity
and a nonvanishing component 0; therefore, it is an example of
a magnetic-parity gauge-change generator in the Kerr spacetime
that changes the slicing.
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gradient in the slice of constant ~t, and  ¼ ðd=d~tÞ is the
lapse function, evaluated along the observer’s worldline. In
other words, v is the velocity of the boost that leads from
an old observer’s local reference frame to a new observer’s
local reference frame. Just as in electromagnetic theory,
this boost produces a change in the observed electric and
magnetic fields for small v given by B ¼ vE and
E ¼ v B, so also it produces a change in the
observed tidal and frame-drag fields given by
B ¼ ðv EÞS; E ¼ ðvBÞS (2.13)
(e.g., Eqs. (A12) and (A13) of Ref. [15], expanded to linear
order in the boost velocity). Here the superscript ‘‘S’’
means symmetrize.
2. Example: Perturbative slicing change for
Schwarzschild black hole
For a Schwarzschild black hole, because the unperturbed
frame-drag field vanishes, E is second order in the per-
turbation and thus negligible, so the tidal field is invariant
under a slicing change. By contrast, the (fully perturbative)
frame-drag field can be altered by a slicing change;
B ¼ ðv EÞS is nonzero at first order.
Since the unperturbed tidal field is isotropic in the
transverse ð	;
Þ plane, the radial part of v produces a
vanishing B. The transverse part of v, by contrast,
produces a radial-transverse B (at first order in the
perturbation). In other words, a perturbative slicing change
in Schwarzschild gives rise to a vanishing E and an
electric-parity B whose only nonzero components are
Br^ 	^ ¼ B	^ r^ and Br^ 
^ ¼ B
^ r^: (2.14)
For a Schwarzschild black hole that is physically unper-
turbed, the first-order frame-drag field is just this radial-
transverse B, and its gauge-generated vortex lines make
45 degree angles to the radial direction.
3. Influence of perturbative change of spatial coordinates
Because E and B are tensors that live in a slice of
constant ~t, the perturbative change of spatial coordinates,
which is confined to that slice, produces changes in com-
ponents that are given by the standard tensorial transforma-
tion law, Ei0j0 ðxk0 ½P Þ ¼ Epqðxk½P Þð@xq=@xi0 Þð@xp=@xj0 Þ.
To first order in the gauge-change generators xk, this gives
rise to the following perturbative change in the tidal field
Eij ¼ Eij;kk  Eikk;j  Ejkk;i
¼ Eijjkk  Eikkjj  Ejkkji (2.15)
and similarly for the frame-drag fieldB. Here the subscript
‘‘j’’ denotes covariant derivative with respect to the back-
ground metric, in the slice of constant ~t. The two expres-
sions in Eq. (2.15) are equal because the connection
coefficients all cancel.
The brute-force way to compute the influence of a
spatial coordinate change xj
0 ¼ xj þ j on the coordinate
shape xjðsÞ of a tendex line (or vortex line) is to (i) solve
the eigenequation to compute the influence of Eij
[Eq. (2.15)] on the line’s eigenvector and then (ii) compute
the integral curve of the altered eigenvector field.
Far simpler than this brute-force approach is to note that
the tendex line, written as location P ðsÞ in the slice of
constant ~t as a function of spatial distance s along the
curve, is unaffected by the coordinate change. Therefore,
if the old coordinate description of the tendex line is
xjðsÞ ¼ xj½P ðsÞ, then the new coordinate description is
xj
0 ðsÞ¼xj½P ðsÞþj½P ðsÞ; i.e., xj0 ðsÞ¼xjðsÞþj½xjðsÞ.
In other words, as seen in the new (primed) coordinate
system, the tendex line appears to have been moved from
its old coordinate location, along the vector field j, from
its tail to its tip; and similarly for any vortex line.
4. Example: Perturbative spatial coordinate change
for a Schwarzschild black hole
Because the frame-drag field of a perturbed
Schwarzschild black hole is entirely perturbative, it is
unaffected by a spatial coordinate change. This, together
with B ¼ 0 for magnetic-parity modes implies that
the frame-drag field of any magnetic-parity mode of
Schwarzschild is fully gauge invariant!
By contrast, a spatial coordinate change (of any parity)
mixes some of the background tidal field into the pertur-
bation, altering the coordinate locations of the tendex lines.
As an example, consider an electric-parity (2,2) mode of
a Schwarzschild black hole. In RWZ gauge and in the wave
zone, the tidal field is given by
E
^ 
^ ¼
M
r3
þ A
r
cos½2ð

oÞ !ðt rÞ;
E	^ 	^ ¼
M
r3
 A
r
cos½2ð

oÞ !ðt rÞ
Er^ 
^ ¼
2A
!r2
cos½2ð

oÞ !ðt rÞ;
Er^ r^ ¼  2M
r3
þ O

A
!2r3

;
(2.16)
where A is the wave amplitude.
Focus on radii large enough to be in the wave zone but
small enough that the wave’s tidal field is a small perturba-
tion of the Schwarzschild tidal field. Then the equation for
the shape of the nearly circular tendex lines that lie in the
equatorial plane, at first order in the wave’s amplitude, is
1
r
dr
d

¼ Er^ 
^ðE
^ 
^  Er^ r^Þ
¼ 2rA
3M!
cos½2ð

oÞ !ðt rÞ (2.17)
(an equation that can be derived using the standard pertur-
bation theory of eigenvector equations). Solving for rð
Þ
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using perturbation theory, we obtain for the tendex line’s
coordinate location
rð
;tÞ¼roþð
;ro;tÞ;
ð
;ro;tÞ
ro Aro3M!sin½2ð

oÞ!ðtroÞ:
(2.18)
Here ro is the radius that the chosen field line has when

 ¼ 
o. Notice that the field line undergoes a quadrupolar
oscillation, in and out, as it circles around the black hole,
and it is closed—i.e., it is an ellipse centered on the hole.
The ellipticity is caused by the gravitational wave. As time
passes, the ellipse rotates with angular velocity d
=dt ¼
!=2, and the phasing of successive ellipses at larger and
larger radii ro is delayed by an amount corresponding to
speed-of-light radial propagation.
Now, consider an unperturbed Schwarzschild black
hole. We can produce this same pattern of elliptical oscil-
lations of the equatorial-plane tendex lines, in the absence
of any gravitational waves, by simply changing our radial
coordinate: Introduce the new coordinate
r0 ¼ rþ r; where r ¼ ð
; r; tÞ; (2.19)
with  the function defined in Eq. (2.18). In Schwarzschild
coordinates, the equatorial tendex lines are the circles r ¼
ro ¼ constant. In the new coordinate system, those tendex
lines will have precisely the same shape as that induced by
our gravitational wave [Eq. (2.18)]: r0 ¼ ro þ ð
; ro; tÞ.
Of course, a careful measurement of the radius of curvature
of one of these tendex lines will show it to be constant
as one follows it around the black hole (rather than oscil-
lating), whereas the radius of curvature of the wave-
influenced tendex line will oscillate. In fact, if we follow
along with the tendex line and measure the tendicity along
the line, we find that the tendicity of the line is unchanged
by the change in coordinates. To be explicit, consider the
tendicity, which we denote 
, along one of the lines r ¼
ro. Enacting the coordinate transform on the tendicity but
continuing to evaluate it along the perturbed line, we have
the identity

ðrÞjr¼ro ¼ 
ðr0  rÞjr0¼roþ ¼ 
ðro þ  Þ
¼ 
ðroÞ: (2.20)
Nevertheless, if one just casually looks at the
Schwarzschild tendex lines in the new, primed, coordinate
system, one will see a gravitational-wave pattern.
The situation is a bit more subtle for the perturbed black
hole. In this case, the tendex lines are given by Eq. (2.18),
and we can change their ellipticity by again changing
radial coordinates, say to
r0 ¼ rþ ð
; r; tÞ: (2.21)
The radial oscillations r0 of the elliptical tendex lines in
the new ðr0; 
; tÞ coordinate system will have amplitudes
1þ  times larger than in the original ðr; 
; tÞ coordinates,
and in the presence of the gravitational waves it may not be
easy to figure out how much of this amplitude is due to the
physical gravitational waves and how much due to rippling
of the coordinates.
On the other hand, the tendicities of these tendex
lines are unaffected by rippling of the coordinates. They
remain equal to 
¼E
^
^¼M=r3þðA=rÞcos½2ð

oÞ
!ðtrÞ¼M=ðr0Þ3þðA=r0Þcos½2ð

oÞ!ðtr0Þ at
leading order, which oscillates along each closed line by
the amount E
^ 
^ ¼ ðA=rÞ cos½2ð

oÞ !ðt rÞ
that is precisely equal to the gravitational-wave contribu-
tion to the tendicity. Note that in this example, even with-
out evaluating the tendicity along the perturbed lines to
cancel the coordinate change, the change in the tendicity
due to the coordinate change enters at a higher order than
the contribution from the gravitational wave.
Therefore, in this example, the tendicity and correspond-
ingly the structures of tendexes capture the gravitational
waves cleanly, whereas the tendex-line shapes do not do
so; the lines get modified by spatial coordinate changes.
This is why we pay significant attention to tendexes and
also vortexes in this paper, rather than focusing solely or
primarily on tendex and vortex lines.
III. (2,2) QUASINORMAL MODES OF
SCHWARZSCHILD AND KERR BLACK HOLES
In Sec. I C 6, we described the most important features
of the fundamental, (2,2) quasinormal modes of
Schwarzschild black holes. In this section, we shall explore
these modes in much greater detail and shall extend our
results to the (2,2) modes of rapidly spinning Kerr black
holes. For binary-black-hole mergers, these are the domi-
nant modes in the late stages of the merged hole’s final
ringdown (see, e.g., Ref. [16]).
A. Horizon vorticity and tendicity
We can compute the horizon tendicity ENN and vorticity
BNN [or equivalently 2 ¼ 12 ðENN þ iBNNÞ] using two
methods: first, we can directly evaluate them from the metric
perturbations, and second, we can calculate them, via
Eq. (E12) in the form (E14), from the ingoing-wave curva-
ture perturbation 0, which obeys the Teukolsky equation
(Appendix B). For perturbations of Schwarzschild black
holes, both methods produce simple analytical expressions
for the horizon quantities; they both show that the quantities
are proportional to a time-dependent phase times a scalar
spherical harmonic, ei!tYlm [see, e.g., Eq. (E19)]. For Kerr
holes, the simplest formal expression for the horizon quan-
tities is Eq. (E14), and there is no very simple analytical
formula. Nevertheless, from these calculations one can show
that there is an exact duality between ENN and BNN in
ingoing radiation gauge for quasinormal modes with the
same order parameters ðn;l;mÞ but opposite parity, for both
Schwarzschild and Kerr black holes; see Appendix E 2.
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For Schwarzschild black holes in RWZ gauge, there is
also a duality for the horizon quantities, although it is
complicated by a perturbation to the position of the horizon
in this gauge; see Appendixes A 4 and A 5 for further
discussion.
In Fig. 9, we show ENN and BNN for the (2,2) modes
with both parities, of a Schwarzschild black hole (upper
row) and a rapidly rotating Kerr black hole (bottom row).
The duality is explicit in the labels at the top: the
patterns are identically the same for ENN (tendexes) of
electric-parity modes and BNN (vortexes) of magnetic-
parity modes [left column]; and also identically the same
when the parities are switched [right column] The color
coding is similar to Fig. 3 above (left-hand scale). The red
(light gray) regions are stretching tendexes or counter-
clockwise vortexes (negative eigenvalues); the blue (dark
gray), squeezing tendexes or clockwise vortexes (positive
eigenvalues).
For the Schwarzschild hole, the electric-parity tendex
pattern and magnetic-parity vortex pattern (upper left) is
that of the spherical harmonic Y22ð	;
Þ, and the perturba-
tive electric-parity vorticity and magnetic-parity tendicity
vanish (upper right).
For the rapidly spinning Kerr hole, the electric-parity
tendexes and magnetic-parity vortexes (lower left) are
concentrated more tightly around the plane of reflection
symmetry than they are for the Schwarzschild hole, and are
twisted; but their patterns are still predominantly Y22. And
also for Kerr, the (perturbative) electric-parity vorticity and
magnetic-parity tendicity have become nonzero (lower
right), they appear to be predominantly Y32ð	;
Þ in shape,
they are much less concentrated near the equator and
somewhat weaker than the electric-parity tendicity and
magnetic-parity vorticity (lower left).
B. Equatorial-plane vortex and tendex lines,
and vortexes and tendexes
As for the weak-field, radiative sources of Paper I,
so also here, the equatorial plane is an informative and
simple region in which to study the generation of gravita-
tional waves.
For the (2,2) modes that we are studying, the Ejk of an
electric-parity perturbation and the Bjk for magnetic
parity are symmetric about the equatorial plane. This
restricts two sets of field lines (tendex lines for electric-
parity Ejk; vortex lines for magnetic-parity Bjk) to lie in
the plane and forces the third to be normal to the plane. By
contrast, the electric-parity Bjk and magnetic-parity Ejk
are reflection antisymmetric. This requires that two sets of
field lines cross the equatorial plane at 45 angles, with
equal and opposite eigenvalues (tendicities or vorticities),
and forces the third set to lie in the plane and have zero
eigenvalue; this third set of zero-vorticity vortex lines have
less physical interest and so we will not illustrate them.
In this section, we shall focus on the in-plane field lines
and their vorticities and tendicities.
1. Magnetic-parity perturbations
of Schwarzschild black holes
In Sec. I C 6 and Figs. 2 and 3, we discussed some
equatorial-plane properties of the magnetic-parity (2,2)
mode. Here we shall explore these and other properties
more deeply. Recall that for the magnetic-parity mode, the
frame-drag field, and hence also the vortex lines and their
vorticities, are fully gauge invariant.
In Fig. 10, we show six different depictions of the vortex
lines and their vorticities in the equatorial plane, each
designed to highlight particular issues. See the caption
for details of what is depicted.
The radial variation of vorticity is not shown in this
figure, only the angular variation. The vorticity actually
passes through a large range of values as a function of
radius: from the horizon to roughly r ¼ 4M ’ 1:5
(roughly the outer edge of the near zone), the vorticity
rapidly decreases; between r ’ 4M and 12M (roughly the
extent of the transition zone), it falls off as 1=r; and at
r * 12M (the wave zone), it grows exponentially due to
the damping of the quasinormal mode as time passes. (The
wave field at larger radii was emitted earlier when the mode
was stronger.) In the figure, we have removed these radial
variations in order to highlight the angular variations.
FIG. 9 (color online). Perturbative horizon tendicities ENN
and vorticities BNN for the (2,2) quasinormal modes with
electric and magnetic parities (see column labels at the top).
The top row is for a Schwarzschild black hole, a ¼ 0; the bottom
for a rapidly spinning Kerr black hole, a=M ¼ 0:945. The color
intensity is proportional to the magnitude of the tendicity or
vorticity, with blue (dark gray) for positive and red (light gray)
for negative. For discussion, see Sec. III A of the text.
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By comparing the left panels of Fig. 10 with Fig 9 of
Sec. VI D of Paper I, we see a strong resemblance between
the vortex lines of our (2,2), magnetic-parity perturbation
of a Schwarzschild black hole, and those of a rotating
current quadrupole in linearized theory. As in linearized
theory, when the radial (or, synonymously, longitudinal)
vortex lines in the near zone rotate, the effects of time
retardation cause the lines, in the transition and wave
zones, to collect around four backspiraling regions of
strong vorticity (the vortexes) and to acquire perturbative
tendex lines as they become transverse-traceless gravita-
tional waves. The most important difference is that, for the
black-hole perturbations, the positive vortex lines emerge
from the blue, clockwise horizon vortexes and spiral out-
ward (and the negative vortex lines emerge from the coun-
terclockwise horizon vortexes) rather than emerging from a
near-zone current quadrupole.
Although the left panels of Fig. 10 highlight most clearly
the comparison with figures in Paper I, the middle and right
panels more clearly show the relationship between the
vortex lines (in black) and the vorticities, throughout the
equatorial plane. In the middle panels (which show only
the negative vorticity), the negative vortex lines that
emerge longitudinally from the horizon stay in the center
of their vortex in the near zone, and then collect onto the
outer edge of the vortex in the transition and wave zones.
Interestingly, near the horizon, there are also two weaker
regions of negative vorticity between the two counter-
clockwise vortexes, regions associated with the tangential
negative vortex lines that pass through this region without
attaching to the horizon (and that presumably represent
radiation traveling into the horizon).
In the right panels of Fig. 10 (which show the in-plane
vorticity with the larger absolute value), a clockwise vortex
that extends radially from the horizon takes the place of the
weaker region of counterclockwise vorticity. From these
panels, it is most evident that the vortexes and vortex lines
of opposite signs are identical, though rotated by 90.
These panels also highlight that there are four spirals of
nearly zero vorticity that separate the vortexes in the wave
zone, which the spiraling vortex lines approach. All three
vorticities nearly vanish at these spirals; in the limit of
infinite radius, they become vanishing points for the radia-
tion, which must exist for topological reasons [17].
FIG. 10 (color online). Three representations of the vortex lines and vortexes in the equatorial plane of a Schwarzschild black hole
perturbed by a magnetic-parity (2,2) quasinormal mode. The bottom panels span a region 56M on each side, and the top panels are a
zoom-in of the lower panels, 30M on each side. All panels show positive-vorticity lines as solid and negative-vorticity lines as dashed.
In all panels, blue (dark gray) corresponds to positive and red (light gray) to negative; the intensity of the color indicates the strength of
the vorticity at that point normalized by the maximum of the vorticity at that radius (darker shading indicates a larger strength and
lighter, weaker). Similarly, in all panels, the central circle surrounded by a narrow white line is the horizon colored by its vorticity as
described above. Left column: Vortex lines colored and shaded by their scaled vorticity.Middle column: Negative vorticity coloring the
plane with black vortex lines. Right column: Vorticity with the larger absolute value coloring the plane and black vortex lines. For
discussion of this figure, see Sec. III B 1.
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2. Gauge dependence of electric-parity tendexes for a
Schwarzschild black hole
In this subsection, we explore the gauge dependence of
the (2,2) modes for a Schwarzschild black hole. In
Sec. II C, we showed that for magnetic-parity modes, all
gauges share the same slicing. Therefore, to maximize any
gauge dependence that there might be, we focus on the
electric-parity (2,2) mode.
Because the frame-drag field of the unperturbed
Schwarzschild black hole vanishes, this mode’s perturba-
tive frame-drag field will be unaffected by perturbative
changes of the spatial coordinates. Therefore, we focus
on the perturbative tidal field E of the electric-parity
mode, which is sensitive to both perturbative slicing
changes and perturbative spatial coordinate changes.
In Fig. 11, we plot this field’s perturbative equatorial
tendexes and tendex lines for the electric-parity (2,2) mode
in RWZ gauge (left panel) and IR gauge (right panel), which
differ, for this mode, in both slicing and spatial coordinates.
The tendex lines for the two gauges were seeded at the same
coordinate points, so all the differences between the panels
can be attributed to the gauge differences.
The two panels are almost identical. Therefore, these
maximally sensitive tendexes and tendex lines are remark-
ably unaffected by switching from one gauge to the other.
The primary differences are that (i) the tendex lines of IR
gauge which are near the black hole tend to be pulled closer
to the horizon as compared to RWZ gauge (ii) the lines
falling onto the attracting spiral are bunched even more
tightly in IR gauge than in RWZ gauge; however, more
lines reach the spiral in RWZ gauge in this figure, and
(iii) the four tendex spirals wind more tightly in IR gauge,
which is most easily seen by comparing the lower right and
upper left corners of the two panels.
One subtlety that must be remarked upon is that the
central circle colored by the normal-normal component
of the tidal field (surface tendicity) in the RWZ gauge
(left panel of Fig. 11) is simply the surface r ¼ 2M, and
not the true event horizon. The location of the event
horizon is affected by the perturbations in a gauge-
dependent manner, as discussed by Vega, Poisson, and
Massey [18]. We rely on the results of this article in the
brief discussion that follows. In RWZ gauge, the horizon is
at rH ¼ 2Mþ rð~t; 	; 
Þ, where the function r can be
solved for by ensuring that the vector tangent to the per-
turbed generators (in our case, l ¼ @x=@~t) remains null
[18]. We give an expression for r in Appendix A 5. There,
we also discuss the correction to the horizon tendicity in
RWZ gauge. One key result is that the horizon tendicity has
the same angular distribution in RWZ gauge as in IR gauge
(given by the Y22 spherical harmonic), so that the normal-
normal tendicity on the horizon and on the surface at r ¼
2M differ only by an amplitude and phase in RWZ gauge.
Meanwhile, in IR gauge the horizon remains at rH ¼ 2M
and so the colored central circle is in fact the horizon,
colored by its horizon tendicity.
However, the bulk tendexes and tendex lines are deter-
mined completely independently of these horizon consid-
erations, and so Fig. 11 provides an accurate comparison of
them in the two gauges.
3. Duality and influence of spin in the equatorial plane
In this subsection, we use Fig. 12 to explore duality and
the influence of spin, for the fundamental (2,2) mode.
FIG. 11 (color online). The equatorial-plane, electric-parity tendexes and tendex lines of a (2,2) perturbation of a Schwarzschild
black hole in RWZ gauge (left panel) and IR gauge (right panel). The conventions for the lines, the coloring and the shading are
identical to those in the right panels of Fig. 10.
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By comparing the left and center panels in the top row of
Fig. 12, we see visually the near duality between the
electric- and magnetic-parity modes for a Schwarzschild
hole. This near duality is explored mathematically in
Appendix C. Specifically, the vortexes and their lines for
the magnetic-parity mode (left) are nearly identical to the
tendexes and their lines for the electric-parity mode. The
only small differences appear in the size of the nearly zero-
vorticity (or tendicity) regions, and the curvatures of the
lines.
For the fast-spinning Kerr black hole (the bottom left and
center panels of Fig. 12), the near duality is still obvious,
especially in the colored vortexes and tendexes; but it is less
strong than for Schwarzschild, especially in the field lines.
The vortex lines (on the left) continue to look like those of a
Schwarzschild black hole, but the tendex lines (in the
middle) curve in the opposite direction, which makes
some lines reach out from the horizon and connect back
to it instead of spiraling away from the horizon.
By comparing the top and bottom panels in the left and
center columns of Fig. 12, we see the influence of the
background black hole’s spin on the dynamics of the
perturbative vortexes and tendexes. For fast Kerr (bottom),
the vortexes and tendexes near the horizon look more
transverse (less radial) than for Schwarzschild, because
the size of the near zone is much smaller. (The frequency
of the waves is nearly twice that for a perturbed
Schwarzschild hole.) The higher frequency also explains
why the spirals of the vortexes and tendexes are tighter.
In the isometric embedding diagrams in the right column
of Fig. 12, we see that proper radial distance in the near zone
is somewhat larger than it appears in the flat, planar drawing.
Taking this into account, we conclude that, aside from a few
small differences, the qualitative ways in which waves are
generated for fast Kerr and for Schwarzschild are the same:
two pairs of vortexes or tendexes emerge longitudinally from
horizon vortexes, and twist into backward spirals that even-
tually form the transverse-traceless gravitational waves.
4. Vortexes of electric-parity mode, and
perturbative tendexes of magnetic-parity
mode for a Schwarzschild black hole
In Fig. 13, we visualize the vortexes of the electric-parity
(2,2) mode of a Schwarzschild hole. (By near duality, the
perturbative tendexes of the magnetic-parity mode must
look nearly the same.)
FIG. 12 (color online). Vortexes and tendexes and their field lines in the equatorial plane for (2,2) modes of Schwarzschild and Kerr
black holes. The lines, the coloring and the shading are identical to those in the right panels of Fig. 10. The upper row is for a
Schwarzschild black hole (a ¼ 0); the lower row, for a rapidly spinning Kerr black hole (a ¼ 0:945); see labels on the left. The left
column shows the vortex lines and vorticities for magnetic parity (which are gauge invariant for the perturbations of a Schwarzschild
hole); the middle and right columns show the tendex lines and tendicities for the electric-parity mode in IR gauge; see labels at the top.
In the right column, the equatorial plane is isometrically embedded in three-dimensional Euclidean space. The top panels are 24M
across; the bottom, 14M. This figure elucidates duality and the influence of black-hole spin; see the discussion in Sec. III B 3.
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As noted at the beginning of Sec. III B, reflection anti-
symmetry of the frame-drag field for this electric-parity
mode dictates that through each point in the plane there
will pass one zero-vorticity vortex line lying in the plane,
and two vortex lines with equal and opposite vorticities that
pass through the plane at 45 degree angles and are orthogo-
nal to each other and to the zero-vorticity line. The vor-
ticity plotted in Fig. 13 is that of the counterclockwise,
45 degree line. For the clockwise line, the vorticity pattern
is identically the same, but blue instead of red.
There are again four regions of strong vorticity (four
vortexes), which spiral outward from the horizon, becom-
ing gravitational waves. In this case, the four regions
look identical, whereas for the tendexes of this same
electric-parity mode (middle column of Fig. 12) there is
an alternation between blue and red. There is actually an
alternation here, too, though it does not show in the figure:
The relative tilt of the lines (in the sense of the
 direction)
rotates, such that in one tendex, the red tendex lines pass
through the plane with a forward 45-degree tilt on average,
and in the next tendex, with a backward 45-degree tilt; and
conversely for the blue tendex lines.
C. Three-dimensional vortexes and tendexes
In this section, we shall explore the three-dimensional
vortexes and tendexes of the (2,2) modes of Schwarzschild
and Kerr black holes, which are depicted in Fig. 14. In the
first subsection, we shall focus on what this figure tells us
about the generation of gravitational waves, and in the
second, what it tells us about duality.
1. Physical description of gravitational-wave generation
In Sec. I C 6 of the Introduction, we summarized in great
detail what we have learned about gravitational-wave gen-
eration from our vortex and tendex studies. There we
focused on the (2,2) magnetic-parity mode, and among
other things we scrutinized the upper left panel of Fig. 14
(which we reproduced as Fig. 4). Here, instead, we shall
focus on the (2,2) electric-parity mode as depicted in the
right half of Fig. 14.
We begin with the perturbative tendexes of the electric-
parity, (2,2) mode of a Schwarzschild black hole (third
panel on top row of Fig. 14). The three-dimensional ten-
dexes emerge from the horizon as four deformed-cylinder
structures, two red (light gray) and two blue (dark gray).
These are the extensions into the third dimension of the four
near-zone, equatorial-plane tendexes of the center panel in
Fig. 12 above. As we enter the transition zone, the four
three-domensional tendexes lengthen vertically (parallel to
the poles), and then as we enter the wave zone, they spiral
upward and downward around the poles; they have become
gravitational waves. They are concentrated near the poles
because the (2,2)—mode gravitational waves are signifi-
cantly stronger in polar directions than in the equator.
In this panel, we also see black tendex lines that emerge
from the horizon and spiral upward and downward along-
side the polar-spiraling tendexes, becoming nearly trans-
verse at large radii—part of the outgoing gravitational
waves. Of course, there are similar tendex lines, not shown,
inside the spiraling tendexes. In addition, we also see
tendex lines in the inner part of the wave zone that are
approximately polar circles; these are also part of the out-
going waves.
The top rightmost panel depicts the vortexes associated
with this electric-parity mode. The horizon vorticity van-
ishes, so the horizon is white. The vortexes near the hori-
zon are dominated by the longitudinal-transverse part of
the frame-drag field BLT, which interacts with EL and
ELT to maintain their joint near-zone structure as they
rotate (cf. the description of the dual magnetic-parity mode
in Sec. I C 6). However, of course, there is also a BTT
FIG. 13 (color online). For an electric-parity (2,2) mode of a Schwarzschild black hole: the vorticity of the counterclockwise vortex
lines that pass through the equatorial plane at a 45 degree angle. The clockwise vortex lines that pass through the plane have equal and
opposite vorticity. By near duality, this figure also depicts the perturbative tendex structure for the magnetic-parity (2,2) mode. The
conventions for coloring and shading are the same as in Fig. 10. Because the horizon vorticity is exactly zero for this mode, the horizon
is shown as a white disk. The left panel, a region 30M across, is a zoom in of the right panel, which is 56M across.
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associated with the ingoing gravitational waves. At large
radii, in the outgoing-wave zone, the vortexes, like the
tendexes of the third panel top row, spiral upward and
downward around the polar axis; they have joined with
the tendexes to form the full gravitational-wave structure.
For insight into how (we think) the near-zone tendexes
of this electric-parity mode, extending radially out of the
horizon, generate these outgoing gravitational waves, and
how the ingoing waves, that they also generate, act back on
them and drive their gradual decay, see the description of
this mode’s dual in Sec. I C 6.
For the rapid-spin Kerr black hole, the tendex and vortex
structures (last two panels of second row of Fig. 14) are
quite similar to those for the Schwarzschild black hole. The
detailed differences are similar to those in the equatorial
plane (see discussion in Sec. III B 3 above): smaller near
zone and tighter spiraling for the tendexes because of the
higher eigenfrequency; nonvanishing horizon vorticity
with a predominantly Y32ð	;
Þ angular structure. In the
near zone, the three-dimensional vortexes seem to have
acquired a longitudinal (radial) part, emerging from the Y32
horizon vortexes (though this is largely hidden behind the
off-white structures). Thus, for a Kerr black hole, one
might intuitively describe the generation of gravitational
waves as being produced by a superposition of near-zone
tendexes that induce vortexes by their motions, and near-
zone vortexes that induce tendexes by their motions.
However, because the near-zone vortexes are weaker than
the tendexes, the tendexes still play the dominant role for
gravitational-wave generation in this electric-parity mode.
2. Approximate duality
By comparing the magnetic-parity left half of Fig. 14
with the electric-parity right half, we can visually assess
the degree to which there is a duality between the modes in
three dimensions. For the perturbations of Schwarzschild
black holes (top row), the most notable difference between
the magnetic- and electric-parity perturbations is that the
transition between the longitudinal near-zone and spiraling
wave-zone vortexes of the magnetic-parity perturbation is
more abrupt, and happens closer to the horizon than it does
in the electric-parity perturbations. The reason for this is
encoded in Eqs. (C29)–(C31), but we do not have a simple
physical explanation for why this occurs. This difference is
FIG. 14 (color online). Three-dimensional vortexes and tendexes of the same four modes as are shown in Fig. 12. As there, so here,
the top row is for a Schwarzschild black hole, and the bottom for fast-spin Kerr, a ¼ 0:945; the left two columns (one in Fig. 12) are for
a magnetic-parity (2,2) mode (with the vortexes in IR coordinates), and the right two columns (one in Fig. 12) are for electric parity in
IR gauge. For each parity, the first column shows structures of the field that generates the waves (B for magnetic parity; E for
electric parity) and the second column shows structures of the other field (not included in the equatorial-plane drawings of Fig. 12). In
each panel, the colored surfaces show the outer faces of vortexes (for B) or tendexes (for E), defined as the locations, for a given
radius, where the largest-in-magnitude eigenvalue of the field being plotted (B or E) has dropped to a certain percentage (90, 85, 80
or 75) of its maximum for that radius; that percentage is shown alongside the colored surfaces. As in previous figures, the surface is red
(light gray) if that largest-in-magnitude eigenvalue is negative and blue (dark gray) if positive. The off-white regions are surfaces
where the largest-in-magnitude eigenvalue has dropped to 15%, 20% or 25% of the maximum at that radius. In each panel the black
lines are a few of the vortex lines (for B panels) or tendex lines (for E panels) that become transverse when they reach large radii,
and thereby produce the tidal or frame-drag force of an emitted gravitational wave. For discussion of this figure, see Sec. III C.
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magnified for perturbations of the rapidly rotating Kerr
black hole (bottom row). Thus, the small breaking of dual-
ity quantified in Appendix C for Schwarzschild black holes
seems to be more pronounced in three-dimensions than in
two, and stronger for rapidly rotating black holes than for
non-rotating ones.
Nevertheless, the qualitative picture of wave generation
by longitudinal near-zone tendexes and vortexes is essen-
tially dual for perturbations of the two parities.
D. Comparing vortex lines of a perturbed Kerr black
hole and a binary-black-hole-merger remnant
As a conclusion to this section and a prelude to future
work, in Fig. 15 we compare the vortex lines found using
our analytic methods to those found in a numerical ring-
down of a fast-spinning Kerr black hole.
More specifically, we compare an electric-parity, (2,2)
quasinormal-mode perturbation of a Kerr black hole with
dimensionless spin a=M ¼ 0:945, to a ringing-down Kerr
black hole of the same spin formed in a numerical simu-
lation [19] of the merger of two equal-mass black holes
with equal spins of magnitude 0.97 aligned with the orbital
angular momentum. (Note that because of the symmetry
of this configuration, during the ringdown there is no
magnetic-parity (2,2) mode excited.)
For both the analytical and numerical calculations, the
vortex lines are those of the full frame-drag tensor. To
describe the magnitude of the perturbation in the analytical
calculation, we write the frame-drag field asBi^ j^ ¼ Bð0Þi^ j^ þ
Bð1Þ
i^ j^
, including the background part Bð0Þ
i^ j^
and the perturba-
tion Bð1Þ
i^ j^

 Bi^ j^ (as in Appendix F). We choose the ratio
of the maximum of the perturbation of the horizon
vorticity, Bð1ÞNN to the background horizon vorticity B
ð0Þ
NN
to be of order 103. This amplitude of the perturbation
produces lines that agree qualitatively with those from the
numerical simulation.
The lines of the full frame-drag field look quite different
from those for just Bi^ j^ depicted in Figs. 12 and 14. Near
the equator, the vortex lines in both panels look like those of
an unperturbed Kerr black hole (see Paper II). Closer to the
axis of rotation, the background vortex lines become
degenerate, and the perturbations break the degeneracy by
picking the principal axes of the perturbative field.
Correspondingly, near the rotation axis and at large enough
radii to be in or near the wave zone, the vortex lines
resemble those of transverse-traceless gravitational waves,
which are emitted symmetrically above and below the hole.
Although the vortex lines from these similar physical
situations were computed using very different methods and
gauge conditions, the results are qualitatively similar (see
Fig. 15). The lines in the two figures are not identical, but
they were selected to intersect the horizon in approxi-
mately the same places; a careful inspection shows there
are small differences, for example very near the horizon.
This comparison ultimately gives us confidence that our
analytical methods can guide our understanding of the
vortexes and tendexes in the late stages of numerical
simulations.
IV. SUPERPOSED (2,2) AND ð2;2ÞQUASINORMAL
MODES OF SCHWARZSCHILD
A. Magnetic-parity superposed modes
In Sec. I C 9, we summarized the properties of the
quasinormal mode of Schwarzschild that is obtained by
FIG. 15 (color online). Left: Vortex lines of a a=M ¼ 0:945 Kerr black hole perturbed by an electric-parity (2,2) quasinormal-mode
in IR gauge. Right: Vortex lines from a a=M ¼ 0:945 ringing down Kerr black hole obtained from a numerical simulation [19] of two
identical merging black holes with spins of magnitude 0.97 aligned parallel to the orbital angular momentum. In the simulation, we
chose a late enough time that the common apparent horizon is essentially that of a single, perturbed black hole, and we computed the
vortex lines using methods summarized in Ref. [1].
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superposing the magnetic-parity (2,2) and ð2;2Þ modes.
Here we give details. The vortex lines and vorticities for
this superposed mode are depicted in Fig. 16 using the
three types of visualizations in Fig. 10.
The left column of Fig. 16 shows the two families of
vortex lines that lie in the equatorial plane, color coded by
their vorticities. The solid-line family has predominantly
positive (clockwise) vorticity, but in some regions its vor-
ticity becomes weakly negative (counterclockwise). The
dashed-line family has predominantly negative vorticity,
but in some regions it is weakly positive. A rotation around
the hole by angle =2 maps each family into the other.
In the center column of Fig. 16, the vortex lines are
drawn black and the equatorial plane is colored by the
vorticity of the dashed lines. To deduce the coloring for
the solid lines, just rotate the colored plane (but not the
lines) by =2 and interchange red (light gray) and blue
(dark gray). By contrast with most previous figures, the
radial variation of the vorticity is not scaled out of this
figure; so in the wave zone (roughly, the outer half of right
panel) the coloring oscillates radially, in color and inten-
sity, in the manner of a gravitational wave. At large radii,
there is also a growth of intensity (and saturation of the
color scale) due to the waves emitted earlier having larger
amplitude.
In the right column of Fig. 16, the vortex lines are again
drawn black, and the equatorial plane is now colored by the
larger of the two vorticities in amplitude.
Together, the columns of Fig. 16 provide the following
picture: For each family of lines, the equatorial-plane
vortexes form interleaved rings [dashed lines and red (light
gray) vortexes for center column]. Most of the family’s
vortex lines form closed, distorted ellipses that, when
tangential, lie in a single vortex (red for dashed lines),
and when more nearly radial, travel from one vortex to
another. In the wave zone, these line and vortex structures
grow longer tangentially as they propagate outward, and
they maintain fixed radial thickness. When one looks at
FIG. 16 (color online). The vorticities and vortex lines in the equatorial plane of a Schwarzschild black hole, for the fundamental
magnetic-parity (2,2) mode superposed on the fundamental magnetic-parity ð2;2Þ mode, depicted using the same three visualization
techniques as in Fig. 10. Here, however, we do not scale the vorticity by any function, but the numbers on the vorticity scale on the left
of the panels are equal to
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vorticity rp (where r is radius), in units of the maximum value of this quantity, which occurs on the
horizon at 
 ¼ 3=4 and 
 ¼ 7=4. The top panels cover a region 30M across, and the bottom panels are a zoom-out of the upper
panels, 56M across. The central circle in all panels is the horizon as viewed from the polar axis, colored by its vorticity. Left column:
The two families of vortex lines (one shown dashed, the other solid) with each line colored, at each point, by the sign of its vorticity
[blue (dark gray) for positive, i.e., clockwise; red (light gray) for negative, i.e., counterclockwise], and each line has an intensity
proportional to the magnitude of its vorticity. Center column: The same vortex lines are colored black, and the equatorial plane is
colored by the vorticity of the dashed family of lines. Right column: The same as the center column, but the equatorial plane is colored
by the vorticity with the larger magnitude.
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both families simultaneously, focusing on the strongest at
each point (right column), one sees vortexes of alternating
red and blue vorticity (light and dark gray). The angular
oscillations are those of a quadrupolar structure; the radial
oscillations are those of a propagating wave.
In the near zone, the vortex lines have rather sharp, right
angled features associated with the quadrupolar nature of
the near-zone perturbation; this is to be compared to the
oscillating current quadrupole in linearized gravity (Paper
I, Sec. VI, Fig. 15). There are multiple singular points in
the lines, degenerate points where three lines cross with
sharp bends, and where both families of vortex lines take
on the same eigenvalue. (The third eigenvalue, that of the
lines perpendicular to the plane, must then be minus twice
the vorticity of these lines, in order for the sum of the
eigenvalues to vanish).
We shall discuss the dynamics of these vortex lines and
vortexes in Sec. IVC below, after first gaining insight into
the electric-parity superposed mode (whose vortexes will
teach us about this magnetic-parity mode’s tendexes
through the near duality).
B. Electric-parity superposed mode
For the mode constructed by superposing electric-parity
(2,2) and ð2;2Þ modes of Schwarzschild, as for the
electric-parity (2,2) mode itself (Sec. III B 4), symmetry
considerations dictate that: (i) one family of vortex lines
lies in the equatorial plane and has vanishing vorticity,
(ii) two families pass through the equatorial plane at 45
angles, with equal and opposite vorticities, and (iii) the
horizon vorticity vanishes.
In Fig. 17 [analog of Fig. 13 for the (2,2) electric-parity
mode], we show the vorticity of the family of counter-
clockwise vortex lines, as they pass through the equatorial
plane.
In the near zone of this figure, we see again a distinct
quadrupolar structure, with four lobes of strong vorticity
present near the horizon (four near-zone vortexes). Beyond
these near-zone lobes, there is a ring of vanishing vorticity,
followed by an annulus where the cast-off vortexes of a
previous cycle have begun to deform into an annulus of
stronger vorticity. In the wave zone, the vortexes have
transitioned into outward traveling transverse waves, with
regions of vanishing vorticity between the crests and
troughs of each wave. The waves are strongest along the
diagonals, though in the near zone the (LT) frame-drag
field is strongest in the up, down, left and right directions.
By (near) duality, the tendexes of the magnetic-parity
superposed mode will have the same form as these electric-
parity-mode vortexes. Accordingly, in the next section, we
will use this figure to elucidate the magnetic-parity mode’s
dynamics and, by duality, also the dynamics of this
electric-parity mode.
C. Dynamics of the magnetic-parity superposed mode
We now turn to the dynamics of the magnetic-parity
superposed mode, which we studied in Sec. IVA.
In Fig. 18 for this mode we show, in the equatorial plane,
the time evolution of (i) the vortex lines and their vorticities
near the black hole (top row), and (ii) on a larger scale that
extends into the wave zone, the mode’s vortexes (middle
row) and perturbative tendexes (bottom row). The five
panels in the top row are stills from a movie at Ref. [20].
To be absolutely clear, the vortexes and tendexes are those
of the same magnetic-parity mode. As in the center column
of Fig. 16, the top and middle rows show only one family of
vortexes, that for the dashed vortex lines which have pre-
dominantly negative vorticity; and as in Fig. 17, the bottom
row shows only the tendicity of the negative-tendicity
perturbative tendexes that pass through the equatorial plane
at 45. Time t ¼ 0 (left panels of Fig. 18) is chosen at a
moment when the horizon vorticity is maximum, whereas
Figs. 16 and 17 are snapshots at the slightly earlier time
t  =3 (which gives nearly the same vortex structures
as the fourth column, after a rotation by =2).
In interpreting Fig. 18, especially the top row,
we emphasize that there is no unique way of following a
single vortex or tendex line in time. The same is true of
electric and magnetic field lines in Maxwell’s theory
(cf. Ref. [21]). While we hope to elucidate this issue in
future work, here, in constructing the panels in the top row
of Fig. 18, we have simply started the integration of the
vortex lines from the same points at each time step, making
no attempt to identify and follow individual lines from
moment to moment. Correspondingly, in order to interpret
Fig. 18 and gain insight into the dynamics of the super-
posed mode, instead of trying to follow individual lines, we
will focus on the lines’ evolving shapes, and the structures
of the vortexes and tendexes and the equations governing
their evolution on the horizon.
FIG. 17 (color online). For the electric-parity, superposed (2,2)
and ð2;2Þ fundamental modes of Schwarzschild: the vorticity
of the counterclockwise vortex lines that pass through the
equatorial plane at 45 angles. By near duality, this figure also
depicts the perturbative tendex structure for the magnetic-parity
superposed mode. The intensity scale of the red color (left edge
of figure) is the same as that in the center column of Fig. 16. The
left panel, a region 30M across, is a zoom-in of the right panel,
which is 56M across. This figure is the superposed-mode analog
of Fig. 13.
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As a foundation for understanding the near-zone dynam-
ics depicted in this figure, we write down explicit expres-
sions for the longitudinal and longitudinal-transverse parts
of the frame-drag and tidal fields on the horizon:
Br^ r^ ¼ <

3
2i!M3
ei!ð~tþ2MÞ

Yð	;
Þ; (4.1a)
Br^ A^ ¼ <

1
2
ﬃﬃﬃ
2
p
M2
ð1 Þei!ð~tþ2MÞ

DA^Y; (4.1b)
Er^ A^ ¼ <

1
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ﬃﬃﬃ
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p
M2
ð1þ Þei!ð~tþ2MÞ

ð
A^
B^DA^ÞY;
(4.1c)
where
 
 3
2i!Mð1 4i!MÞ : (4.1d)
Here the normalization is that of Appendix A, ! ¼
ð0:37367 0:08896iÞ=M is the mode’s eigenfrequency,

A^
B^ is the Levi-Civita tensor on the horizon,
Y 
 Y22 þ Y22 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
15=8
p
sin2	 cos2
 (4.1e)
is this mode’s scalar spherical harmonic, and DA^ is the cova-
riant derivative on the unit two-sphere (related to the covariant
derivative on the horizon by DA^ ¼ 2MrA^). [Equations (4.1)
follow from Eqs. (A12), (A13), and (26) of Appendix A, the
vector-spherical-harmonic definitions (C22a) and (C26a), and
definition (2.1) of the EF time coordinate].
Equations (4.1) are the fields measured by Eddington-
Finkelstein observers. The conservation law (1.4a) for lon-
gitudinal field lines threading the horizon (which we shall
need below) involves, by contrast, the LT frame-drag field
measured by Schwarzschild observers on the ‘‘stretched
horizon’’ (very close to the event horizon). Since the
Schwarzschild observers move outward with velocity
v ¼ ð2M=rÞN ’ N with respect to the EF observers, and
with  
 1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v2
p
’ 1=ð ﬃﬃﬃ2p Þ, the field they measure is
BLTSch ¼ ðBLT N ELTÞ. This field diverges as 1= as
the stretched horizon is pushed toward the event horizon; to
remove that divergence, in the membrane paradigm [9]) we
renormalize by multiplying with :
FIG. 18 (color online). Time evolution of the equatorial vortexes (top and middle rows) and equatorial perturbative tendexes (bottom
row) for the superposed (2,2) and ð2;2Þ magnetic-parity mode of Schwarzschild in RWZ gauge. The color scale is the same as the
center column of Fig. 16, and the gravitational-wave-induced exponential decay of the vorticity and tendicity has been removed. Top
row: Equatorial vortex lines and their vorticity plotted in a region near the horizon (16M across) followed over time t. The real part of
the eigenfrequency is denoted , so the successive panels, left to right cover half a cycle of the mode’s oscillation. Middle row: The
vorticity of the equatorial vortex lines in the near, intermediate and beginning of wave zone (30M across) at the same time steps as the
top row. Bottom row: Tendicity of the counterclockwise tendex lines passing through the equatorial plane (which is dual to the left
panel of Fig. 17), plotted at the same time steps as the top row.
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BH
r^ A^

 BLTSch ¼ ðBLT N ELTÞ
¼ <

1
4M2
ei!ð~tþ2MÞ

DA^Y: (4.2)
The second line is obtained by inserting the EF fields (4.1a)
and (4.1b), and  ¼ 1= ﬃﬃﬃ2p , into the first line. The conser-
vation law for longitudinal vortex lines threading the hori-
zon (actually, one of the Maxwell-like Bianchi identities in
disguise) says that
@BNN=@~tþrA^ðBHr^ A^Þ ¼ 0; (4.3)
cf. Eq. (1.4a) and subsequent discussion. (In this
Schwarzschild-perturbation-theory case, there are no small
spin-coefficient terms to spoil the perfection of the conser-
vation law.) The vortex-line density and flux expressions
(4.1a) and (4.2) do, indeed, satisfy this conservation law,
by virtue of the fact that the two-dimensional Laplacian
acting on the quadrupolar spherical harmonic Y gives
DA^D
A^Y ¼ 6Y.
Equations (4.1) and (4.3) tell us the following:
(i) On and near the horizon, the LT fields BLT
[Eq. (4.1b)] and ELT [Eq. (4.1c)], and also BH
r^ A^
[Eq. (4.2)], all oscillate approximately out of phase
with the longitudinal field BL [Eq. (4.1a)].3
Therefore, near-zone energy is fed back and forth
between the L and LT fields as the black hole
pulsates.
(ii) The conservation law (4.3) says that, if we regard
BNN as the density of vortex lines of BL threading
the horizon, and BH
r^ A^
as the flux of vortex lines
(number crossing a unit length in the horizon per
unit time), then these horizon-threading vortex lines
of BL are conserved during the pulsation. More
specifically:
(iii) As the mode evolves in Fig. 18 from t ¼ 0 to
t ¼ , the conserved vortex lines are pushed
away from the center of each horizon vortex toward
its white edges, and there the conserved lines
from the red region (counterclockwise) annihilate
with the conserved lines from the blue region
(clockwise). The pushing is embodied in the
vortex-line flux BH
r^ A^
, which grows stronger dur-
ing this evolution.
(iv) As the mode evolves further from t ¼ =2 to
t ¼ , conserved vortex lines of BL are created
in pairs (one clockwise, the other counterclock-
wise) at the white edges of the horizon vortexes
and move inward toward the center of each vortex.
Turn, now, from the conserved vortex lines of BL pierc-
ing the horizon to the three-dimensional vortex lines out-
side the horizon, depicted in the top row of Fig. 18.
Because these are lines of the full three-dimensional
frame-drag field B and not its longitudinal part BL, they
do not obey a conservation law and there is no unique way
of following individual lines from one panel to the next.
However, their evolving shapes teach us much about the
geometrodynamics of this superposed mode.
At time t ¼ 0 (upper left panel), the horizon-piercing
vortex lines of the full frame-drag field B are almost
perfectly radial, with clockwise (solid) tendex lines emerg-
ing from the two blue horizon tendexes, and counterclock-
wise (dashed) tendex lines emerging from the two red
horizon tendexes. As time passes, the horizon piercing
lines become less radial and the horizon vorticity decreases
(t ¼ =4) until the lines’ angles to the horizon are almost
all near 45 and the horizon vorticity vanishes (t ¼ =2).
Note that the lines that lie precisely on the diagonals, and
which contact the horizon radially in the middle panel
(t ¼ =2), have zero vorticity where they strike the
horizon. This latter fact allows them to have a more radial
angle of intersection than almost all other lines. The near-
horizon frame-drag field has evolved at this time from
being predominantly longitudinal, BL, to being predomi-
nantly longitudinal-transverse, BLT, but with some small
admixture of transverse-traceless ingoing waves, BTT. As
time moves onward from t ¼ =2 to t ¼ , the vortex
lines in the outer part of each panel reach around on the
horizon and attach to a quadrant on the side rather than
directly below themselves—a quadrant that has newly
acquired the color corresponding to the lines’ own vorticity
(blue for solid lines, red for dashed lines).
At t ¼ 0 (upper left panel), the near-horizon, nearly
circular vortex lines in each quadrant represent, predomi-
nantly, the transverse-isotropic part ofBL and keep it trace
free. As time passes andBL decreases, we can regard these
lines as traveling outward, forming the distorted ellipses
which become gravitational waves in the far zone. The
manner in which these circular vortex lines are restored
each cycle appears to be as follows: As discussed above, as
the horizon vorticity oscillates through zero, formerly lon-
gitudinal lines are pushed away from their respective vor-
texes and become first more longitudinal-transverse, and
then attach to a different quadrant of the horizon; mean-
while the BL is being regenerated with opposite sign in
each quadrant, which requires new transverse-isotropic
lines of opposite vorticity. These lines run tangent to the
horizon, hugging it while they cross through a vortex of
strong opposite vorticity. At each edge of the vortex these
3The longitudinal-transverse frame-drag field BLT lags ap-
proximately 1:04  =3 radians behind BNN on the horizon,
while the LT component of the tidal field, ELT, lags approxi-
mately 1:21  2=5 radians behind BNN. Most importantly for
interpreting Fig. 18, the two nonzero tendicities of the tidal field
are (in the equatorial plane) 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E2
r^ 	^
þ E2
	^ 
^
q
, and on the horizon
they lag nearly =2 radians behind BNN; the damping of the
perturbation adds slightly to the phase lag, so that it is actually
=2þ arctan½=ð!Þ=<ð!Þ ’ =2þ 0:234 out of phase with
BNN.
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isotropic-transverse lines link up with predominantly
radial lines which have the same sign of vorticity (it
appears that it is the degenerate points at these edges that
allow for such a reconnection). This deforms the highly
distorted, nearly circular arcs, which then lift off the hori-
zon and propagate away as the cycle progresses.
This entire evolution is being driven by the oscillatory
turn-off and turn-on of the longitudinal part of the frame-
drag field BL.
Turn attention to the evolution of the mode’s equatorial
vortexes (middle row) and tendexes (bottom row). In
accord with our discussion above of the evolution of the
horizon fields, Eqs. (4.1), these panels reveal (see below)
that the vortexes and tendexes oscillate out of phase with
each other. Near-zone energy (see footnote1 in Sec. I C 8)
gets fed back and forth between vortexes and tendexes in
an oscillatory manner (though during this feeding, some of
it leaks out into the transition zone and thence into gravi-
tational waves). This oscillatory feeding enables the near-
zone perturbative tendexes to store half of the oscillation
energy (while the LT vortexes store the other half) when
the longitudinal frame-drag field BL is temporarily zero;
and then use that energy to regenerate BL.
The evidence for this near-zone feeding, in Fig. 18, is the
following: (i) The near-horizon vortexes are strongest
along the diagonals, while the regions of strong near-
zone tendicity always occur along the vertical and hori-
zontal directions. Thus, the vortexes and tendexes tend to
occupy different regions, with a =4 rotation between the
patterns [as one should expect from the angular depen-
dences in Eqs. (4.1a) and (4.1c)]. (ii) There is a ’ =2
phase difference in the time evolution of the vortexes
and tendexes. At those times when the horizon vorticity
and near-horizon vortexes are strongest, the near-horizon
tendexes are weak. As the horizon oscillates through
zero vorticity, the tendexes are reaching their maximum
strength.
A careful study of the phases of these time behaviors
reveals that the dynamics are not precisely =2 out of
phase, as can be seen clearly in the first panel in the bottom
row of Fig. 18: though the horizon vorticity is at its
maximum, the tendicities have just oscillated through
zero in this region and are beginning to regenerate. As
mentioned in footnote3 above, this additional phase lag is
due to the mode’s damping, and in radians its magnitude is
arctan½=ð!Þ=<ð!Þ ’ 0:234.
The =4 differences in spatial phase and ’ =2 differ-
ences in temporal phase are lost as the frame-drag and tidal
fields travel outward through the intermediate zone and
into the wave zone; an inspection of the outer edges of the
time series plots shows bands of strong tendicity and
vorticity in phase in time and space, propagating outward
in synch. This must be the case, since for plane waves in
linearized gravity, the vortex and tendex lines are in phase
temporally and spatially (though the lines are rotated by
=4 with respect to each other at each event; see Paper I,
Sec VI A).
By scrutinizing the middle and bottom rows of Fig. 18,
(which extend from the near zone through the intermediate
zone and into the inner parts of the wave zone), one can see
visually how the oscillatory feeding of energy between
near-zone vortexes and tendexes gives rise to outgoing
vortexes and tendexes that represent gravitational waves.
V. (2,1) AND (2,0) QUASINORMAL MODES
OF SCHWARZSCHILD
In this section we will complete our study of the quad-
rupolar perturbations of Schwarzschild black holes.
Specifically, we will explore the vortex and tendex struc-
tures and the dynamics of the (2,1) and (2,0) magnetic- and
electric-parity perturbations of a Schwarzschild hole, in
RWZ gauge.
A. Vortexes of (2,1) magnetic-parity mode and
perturbative tendexes of (2,1) electric-parity mode
In Sec. I C 7, we summarized the most important prop-
erties of the (2,1) magnetic-parity mode of a Schwarzschild
black hole. In this subsection and the next, we shall give
additional details about this mode and its electric-parity
dual. We begin with the vortex structure for magnetic
parity.
The horizon vorticity of the magnetic-parity (2,1) mode
has an angular dependence given by the spherical harmonic
Y21ð	;
Þ (of course). We display this horizon vorticity in
the left panel of Fig. 19. There are four horizon vortexes,
two of each sign, and vanishing horizon vorticity all along
the equator.
As we noted in Sec. I C 7, this mode’s symmetry dictates
that the frame-drag field be reflection antisymmetric
through the equatorial plane. As for the electric-parity
(2,2) frame drag field, which also has this property (second
paragraph of Sec. III B, also Sec. III B 4 and Fig. 13), this
implies that one family of vortex lines lies in the equatorial
plane with vanishing vorticity, and two cross through that
plane at 45 with equal and opposite vorticities. The nega-
tive vorticities of the crossing lines are plotted in the
middle panel of Fig. 19, along with the projected horizon
vorticity, as if the horizon were viewed from above. The
positive-vorticity pattern of the other family of crossing
lines is identical to this negative-vorticity pattern, since at
each point the two lines have the same vorticity magnitude.
The fact that there are just two spiraling vortexes in this
figure, by contrast with four for the (2,2) modes, is guar-
anteed by the modes’ azimuthal orders, m ¼ 1 here and
m ¼ 2 for (2,2).
The vortex structure outside the equatorial plane,
depicted in the right panel of Fig. 19, was discussed in
Sec. I C 7. The two red (light gray), three-dimensional
vortexes are the same ones depicted in the middle panel.
They actually extend across the equatorial plane (via the
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45 vortex lines) into the region occupied by the blue
(dark gray) vortexes; but we do not see them there in the
three-dimensional drawing because the blue vortexes have
larger vorticity and we have chosen to show at each point
only the largest-vorticity vortex.
B. Vortexes of (2,1) electric-parity mode and
perturbative tendexes of (2,1) magnetic-parity mode
Turn, next, to the vortex lines and vortex structure of the
(2,1) electric-parity mode. [By near duality, the perturba-
tive tendex lines and tendex structure of the (2,1) magnetic-
parity mode will be the same].
For this mode, with the parity reversed from the previous
section, the frame-drag field is symmetric under reflection
through the equatorial plane rather than antisymmetric.
Therefore, there are two sets of vortex lines that remain
in the equatorial plane, with the third set normal to it. In
this sense the vortexes structures are analogous to those of
the magnetic-parity, (2,2) mode; and in fact they are strik-
ingly similar, aside from having two arms rather than four.
We show the vortexes and vortex lines in Fig. 20. The
left and middle panels of Fig. 20 show the lines that remain
in the equatorial plane, along with color-intensity plots
depicting the lines’ vorticities.
FIG. 19 (color online). The (2,1) magnetic-parity horizon vorticity and vortexes. Left panel: The horizon vorticity for the (2,1)
magnetic-parity perturbation of Schwarzschild, colored as in Fig. 9. There are four horizon vortexes, two clockwise [blue (dark gray)]
and two counterclockwise [red (light gray)]. The horizon vorticity vanishes at the equator and the poles.Middle panel: Vorticity of the
counterclockwise vortex lines passing through the equatorial plane, colored and normalized as in the middle and right hand columns of
Fig. 10 and plotted in a region 24M across. The [blue (dark gray)] vorticity of the clockwise vortex lines has precisely this same
pattern, because the two families of lines pass through the equatorial plane with the same magnitude of vorticity at each point. Right
panel: Three dimensional vortexes colored and labeled as in Fig. 14. By near duality, this figure also represents (to good accuracy) the
tendicity and tendex structure of the (2,1) electric-parity mode.
Electric
90%
FIG. 20 (color online). The (2,1) electric-parity vortex lines, vorticities and vortexes in the equatorial plane. For this mode the
horizon’s vorticity vanishes, so the horizon is plotted as a white disk or sphere. Left panel: Counterclockwise vortex lines (dashed) and
their vorticity [red (light gray) color] normalized as in Fig. 10, and plotted in a region 24M across. Middle panel: Both clockwise
(solid) and counterclockwise (dashed) vortex lines, and the vorticity (color) of the line with the larger magnitude of vorticity, in a
region 24M across. Right Panel: Three-dimensional vortexes colored and labeled as in Fig. 14. By near duality, this figure also
represents to good accuracy the perturbative tendex lines, tendicities and tendexes for the magnetic-parity (2,1) mode.
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The left panel of Fig. 20 shows the counterclockwise
lines and their vorticities. As in the case of the (2,2) mode,
we see a spiraling region of strong vorticity which contacts
the horizon, and an accompanying spiral of low vorticity.
At the horizon, the frame-drag field is primarily
longitudinal-transverse, and correspondingly its vortex
lines enter the horizon at a (nearly) 45 angle. As for the
(2,2) mode, there is a limiting spiral that all the outspiraling
vortex lines approach, near the edge of the vortex.
There is also a small region of strong vorticity near the
horizon which forms a second spiral, opposite the primary
spiral, although it quickly becomes weak; this second
vortex coincides with the region of strong positive vortic-
ity, as we see in the middle panel of Fig. 20, and we think
its existence is due to the frame-drag field at the horizon
being primarily longitudinal-transverse. It also should be
compared to the similar regions of strong negative vorticity
near the positive horizon vortexes of the magnetic-parity
(2,2) mode in Fig. 10.
In the middle panel, we plot both the counterclockwise
(dashed) and clockwise (solid) vortex lines, and we color
each point by the vorticity that is strongest. We see two
strong vortexes spiraling out to form gravitational waves,
and we see that under a rotation through 180, the clock-
wise and counterclockwise vortex lines map into each
other.
Finally, in the right panel of Fig. 20, we show the
vortexes in three dimensions using the same conventions
as in Fig. 14: the red (light gray) and blue (dark gray)
surfaces are the locations where the vorticity of largest
magnitude has fallen to 90% of its maximum at each
radius. By contrast with the (2,1) magnetic-parity mode,
where the three-dimensional vortexes are antisymmetric
through the equator (and so they flip colors; see Fig. 19),
here they are symmetric and so have the same color above
and below the equatorial plane.
By duality, for the (2,1) magnetic-parity mode, with its
antisymmetric three-dimensional vortexes (Fig. 19), the
three-dimensional perturbative tendexes are symmetric
through the equatorial plane and have the form shown in
this right panel of Fig. 20.
C. Vortexes of (2,0) magnetic-parity mode and
perturbative tendexes of (2,0) electric-parity mode
In Sec. I C 8, we described in detail the dynamics
of the axisymmetric (2,0) magnetic-parity mode of
Schwarzschild and the gravitational waves it emits—
waves in which the vortex and tendex lines wrap around
deformed tori. In this section and the next, we shall discuss
some other details of this mode and its dual, the (2,0)
electric-parity mode.
In Fig. 21, we show the horizon vorticity for this
magnetic-parity mode. Of course, it is proportional to the
scalar spherical harmonic Y20ð	;
Þ. At this moment of
time, there are clockwise vortexes [blue (dark gray)] in the
northern and southern hemispheres, and a band-shaped
counterclockwise vortex [red (light gray)] in the equatorial
region. As time passes, the horizon vorticity oscillates,
with red vortexes becoming blue and blue becoming red
in each half cycle, while also decaying exponentially. The
cause of these oscillations, as we discussed in Sec. I C 8, is
exchange of energy between BL (whose normal-normal
component is the horizon vorticity) and ELT (which we
will visualize in the next section).
As we discussed in Sec. I C 8, symmetries dictate that
this mode have two families of vortex lines lying in planes
S
 of constant
 and a third family consisting of azimuthal
circles of constant r and 	. In Fig. 6, we explored in detail
the wave-zone wrap-around-torus shapes of the S
 vortex
lines, and their vorticity patterns. In the near zone, the line
shapes and vorticities are somewhat more complex. We
elucidate them in Fig. 22, where, to make the figure more
understandable and preserve some features lost in Fig. 6,
we show the two families of vortex lines in separate panels,
left and center.
As for the superposed (2,2) and ð2;2Þ perturbations of
Sec. IV, each family takes on both positive and negative
vorticities, but is predominantly one or the other. And
unlike the (2,2) mode and the superposed mode, the (2,0)
line families do not map into each other after a 90
rotation; rather, they have distinct patterns (as one might
expect, since their plane is S
 rather than the equatorial
plane). On the other hand, because of this mode’s oscillat-
ing nature, the predominantly positive lines are the same as
the predominantly negative lines a half-cycle previous
(with signs reversed). For this reason, we illustrate the
two families at the same moment in time, the moment
when the horizon vorticity reaches a maximum with blue
(dark gray) near the poles and red (light gray) near the
equator.
One striking feature of Fig. 22 is a set of isolated points
where six lines meet, three from each family (three in each
FIG. 21 (color online). The horizon vorticities (BNN) of the
quadrupolar, (2,0), magnetic-parity mode. As in Fig. 9, the color
intensity is proportional to the magnitude of the vorticity with
blue (dark gray) for positive and red (light gray) for negative.
The arrow points along the polar axis. The vorticity oscillates
sinusoidally in time, causing BNN first to vanish and then to
change sign.
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panel). These are nodes (zeros) of the frame-drag field, as
one can see from the fact that the coloring there is white.
These are also points where, dynamically, the field lines
can reconnect, changing their topologies.
Let us focus on the near-horizon, predominantly nega-
tive vortex lines (dashed lines) in the left panel of Fig. 22.
The lines that emerge from the counterclockwise horizon
vortex in the equatorial region loop over the north or south
pole of the black hole, and reconnect to the opposite side of
that horizon vortex. We think that, as the mode oscillates,
these lines will merge at the equator then slide off the
horizon and form closed loops surrounding the hole, of
the sort that we see in the outer parts of the lenticular blue
(dark gray) region of the center panel, and these will then
expand and deform and reconnect to form the set of wrap-
around-deformed-torus lines of the left panel, which lie in
the outer part of the transition zone and are becoming
outgoing gravitational waves.
Next focus on the near-horizon, predominantly positive
vortex lines (solid lines) in the middle panel of Fig. 22. The
lines, that emerge from the clockwise horizon vortex in the
north polar region, swing around the equator and descend
into the south polar horizon vortex. We think that, as the
oscillation proceeds, these lines will slide off the horizon
and immediately form closed loops that wrap around
deformed tori, which expand to become like those near
the left and right edges of the left panel (outer part of
transition zone), and then continue their expansion, becom-
ing the gravitational-wave wrap-around-torus lines whose
inner parts are at the left and right edges of the right panel.
Notice, in the middle panel near the equator, two regions
of weakly negative [pink (light gray)] vorticity, and their
near-zone lines that appear to have just disconnected from
the horizon but are mostly radially directed. And notice
similarly the pink regions near the left and right edges of
this panel, again with vortex lines that are traveling roughly
radially. These pink regions are actually toroidal, because
of the rotation symmetry around the vertical axis. In the
outer transition zone and the wave zone, they are the
regions in which this family’s wrap-around-torus,
gravitational-wave vortex lines are crossing over from
one clockwise vortex (wave crest) to another. This feature
of crossover lines with weakly reversed vorticity appears to
be a robust feature of oscillatory modes. For other ex-
amples, see the weakly blue regions in the left panel, and
see the superposed (2,2) and ð2;2Þ mode in Fig. 16,
where the dashed vortex lines, with predominantly coun-
terclockwise [red (light gray)] vorticity, become weakly
blue (darker gray) in the crossover regions.
The right panel of Fig. 22 shows the vorticity of the axial
lines (constant r, 	 circles) in both near zone and wave
zone. Near the horizon, these lines are largely part of the
transverse, isotropic piece of the longitudinal field BL;
they have opposite color to the horizon vortexes at the
horizon, as they must, in order to keep BL trace-free.
Near the horizon, these lines also contain a smaller com-
ponent of the ingoing-wave transverse-traceless field
BTT. In the wave zone, they are fully outgoing-wave
BTT.
D. Vortex lines of (2,0) electric-parity mode and per-
turbative tendex lines of (2,0) magnetic-parity mode
For the (2,0) electric-parity mode of Schwarzschild in
RWZ gauge, the only nonzero components of the frame-
drag field are Br^ 
^ and B	^ 
^. Near the horizon, where
decomposition into longitudinal, longitudinal-transverse,
and transverse-traceless parts is meaningful, BL vanishes
(and hence the horizon vorticity vanishes), Br^ 
^ is the
sole component of BLT, and B	^ 
^ is the sole component
of BTT.
By (near) duality, the same is true for the (2,0) magnetic-
parity mode of the last subsection, with B replaced
by E.
FIG. 22 (color online). Left and middle panels: Near- and transition-zone vortex lines and their vorticities in an S
 plane of constant

, for the axisymmetric (2,0) magnetic-parity mode of Schwarzschild in the near and transition zones (30M across). Left panel: The
predominantly counterclockwise family of vortex lines. Middle panel: The predominantly clockwise family of vortex lines. Right
panel: Vorticity of the axial lines normal to an S
 plane, in near and wave zones (56M across). The color intensity in each panel gives
the vorticity of the lines, scaled as in Fig. 16.
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Because the only nonzero components are Br^ 
^ and
B	^ 
^ and because of the axisymmetry, there is a family of
zero-vorticity vortex lines which lie in a plane S
 of
constant 
, and the other two sets of vortex lines have
equal and opposite vorticity and pass through S
 at 45
degree angles. In Fig. 23, we show in S
 the vorticity of the
counterclockwise lines that pass through it. A plot for the
clockwise lines would be identical, but with blue changed
into red.
Notice the remarkable absence of structure in the near
zone. All we see is toroidal vortexes separated by circular
null surfaces and a polar null line. (Recall the axisymmetry
around the vertical polar axis). The absence of structure is
presumably due to the fact that this mode is sourced by the
longitudinal perturbative tendex field, and not by this
frame-drag field (though its longitudinal-transverse part
plays a key role of periodically storing near-zone energy
during the oscillations; cf. the discussion of the dual mode
below). The vorticity vanishes along the polar axis because
of axisymmetry and the fact that the radial-radial part of
the frame-drag field vanishes.
For greater insight into this frame-drag field, we show in
the left panel of Fig. 24 several of its three-dimensional
vortex lines in the near zone and innermost part of the
transition zone. These vortex lines wind densely around
axisymmetric deformed tori.
Note that the large torus is attached to the horizon. Its
vortex lines intersect the horizon at the approximately 45
angles characteristic of the longitudinal-transverse part of
the field, which is these lines’ dominant component.
For the dual, magnetic-parity (2,0) mode, this torus
depicts the perturbative tendex lines of the near zone,
and those lines predominantly belong to the longitudinal-
transverse part of the tidal field, ELT. This is the part that
stores the mode’s near-zone oscillation energy when BL
is passing through zero and its perturbative vortex lines are
detached from the horizon (see the discussion of this
mode’s dynamics in Sec. I C 8). Immediately after this
snapshot, these tendex lines’ ELT begin to regenerate
the near-horizon longitudinal frame-drag field BL and
its horizon vorticity. As it does so, these tendex lines
and their torus (presumably) detach from the horizon and
expand outward into the transition then wave zone, becom-
ing the tendex-line component of a gravitational-wave
torus like those displayed in Fig. 7 above.
The small torus in the left panel of Fig. 24 encircles the
equatorial point on the innermost node of the field (inner-
most white circle in Fig. 23). It is also the innermost torus
shown in Fig. 7 above.
In the right-hand panel of Fig. 24, for the (2,0) electric-
parity mode we show two counterclockwise vortex lines in
the transition zone. By chance, the larger of the selected
lines nearly forms closed orbits, and so even after wrapping
its torus four times it appears as a thin ribbon. While it is
difficult to tell with this nearly closed line, extended inte-
gration reveals that it does wrap a (deformed) torus.
Notice that both lines (both tori) in the right panel
straddle the second null of the frame-drag field (second-
from-center white circle in Fig. 23).
VI. CONCLUSIONS
Although the theory of black-hole quasinormal modes is
roughly half a century old, most past studies of them have
focused on their mathematical properties, their eigenfre-
quencies and emitted gravitational waves, and their exci-
tation by various physical processes. Aside from a
geometric-optics interpretation of high-frequency modes
(see, e.g., Refs. [22–24]), little was known, before this
paper, about their geometrodynamic properties—e.g., the
structure and dynamics of their spacetime curvature in the
near zone and transition zone, and how the near-zone
curvature generates gravitational waves.
In this paper we have used our new vortex and tendex
tools to explore, in depth, the geometrodynamics of the
FIG. 23 (color online). For the (2,0) electric-parity mode of
Schwarzschild in RWZ gauge: the vorticity of the counterclock-
wise vortex lines that pass through the plane S
 of constant 
.
The color intensity (scale on left) is scaled as in Fig. 16. Left
panel: 30M across, showing the near and intermediate zones and
beginning of the wave zone. Right panel: 56M across.
FIG. 24 (color online). Vortex lines for the (2,0) electric-parity
mode of Schwarzschild in RWZ gauge. Left panel: Two vortex
lines of each sign in the near zone and innermost part of transition
zone. The positive [blue (dark gray) lines] and negative [red (light
gray)] lines are identical but wind their tori in opposite directions.
Right panel: Two counterclockwise vortex lines in the transition
zone, with the vorticity shown in a semitransparent slice S
 of
constant 
 as a density plot. The vortex lines are plotted in black
rather than red in this panel to aid the eye.
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quadrupolar modes for Schwarzschild and Kerr black
holes. Most importantly, we have discovered that:
(i) There is a near duality between electric-parity modes
and magnetic-parity modes, in which tendexes get
mapped into vortexes and vortexes into tendexes.
(ii) The electric-parity ðl; mÞ ¼ ð2; 2Þ and (2,1) modes
are generated by near-zone, longitudinal vortexes
that extend out of the horizon and rotate (four
tendexes for m ¼ 2; two for m ¼ 1). The vortexes’
rotation generates outgoing and ingoing gravita-
tional waves; the ingoing waves act back on the
longitudinal vortexes, gradually pushing them off
the horizon, which results in the mode’s exponential
attenuation.
(iii) By (near) duality, the electric-parity (2,2) and (2,1)
modes are generated and attenuated in the same
way, but with near-zone, longitudinal tendexes
rather than vortexes playing the central role.
(iv) The magnetic-parity (2,0) mode and superposed
(2,2) & ð2;2Þ mode are generated by near-zone,
longitudinal vortexes that extend out of the horizon
and oscillate between clockwise and counterclock-
wise vorticity. In these oscillations, energy is fed
back and forth between the longitudinal vortexes
and longitudinal-transverse, near-zone tendexes
that do not penetrate the horizon. In each oscilla-
tion, as the horizon vorticity passes through zero,
the longitudinal vortex lines slide off the horizon
and reconnect to form toroidal vortexes that travel
outward, becoming gravitational waves; and the
near-zone tendexes then regenerate the longitudinal
vortexes (with reversed vorticity), thereby trigger-
ing the next half cycle of oscillation.
(v) The electric-parity (2,0) mode and superposed (2,2)
& ð2;2Þ mode exhibit these same geometrody-
namics, but with the roles of the vortexes and ten-
dexes reversed.
In future papers, these quasinormal-mode insights will
be a foundation as we explore the geometrodynamics of
merging binary black holes using numerical simulations.
While all analytic approximations fail near the time of
merger, black-hole perturbation theory does approximate a
binary-black-hole spacetime well in some epochs: the
merged hole during its ringdown, each tidally deformed
hole during inspiral, and each perturbed hole during the
initial relaxation that causes spurious ‘‘junk’’ gravitational
radiation. Before exploring the fully nonlinear vortex and
tendex structures in simulations, we are likely first to
compare numerical vortex and tendex structures during
these epochs with the corresponding perturbative results
(as in Fig. 15). Such comparisons will allow us to deter-
mine to what degree the insights we have gained from our
perturbative studies can also be applied to numerical simu-
lations—particularly the relative insensitivity of vortexes
and tendexes to changes in gauge and slicing.
Building on these comparisons, our future work will
then include initial explorations of the fully nonlinear geo-
metrodynamics of the warped spacetimes present in
binary-black-hole simulations. For example, Kamaretsos,
Hannam, and Sathyaprakash [25] have recently observed
relationships between the properties (masses and spins) of
the initial holes in a binary-black-hole merger and the
particular quasinormal modes that are excited in the rem-
nant (modes which generate the ringdown portion of the
gravitational waves). By examining the vortex and tendex
structures of a variety of binary-black-hole mergers, we
hope to gain insight into the origin of such relationships.
Also, following Dennison and Baumgarte’s recent explo-
ration [7] of the vortex and tendex structures in approxi-
mate, perturbative initial data, we intend to explore the
vortex and tendex structures of constraint-satisfying
binary-black-hole initial data, which could give insight
into the initial perturbations (and the corresponding spu-
rious ‘‘junk’’ gravitational radiation) that appear in all
currently used, binary-black-hole initial-data schemes.
Ultimately, we plan to use vortexes and tendexes to
explore the geometrodynamics of binary-black-hole space-
times throughout the entire simulated inspiral, merger, and
ringdown. We expect that these tools will provide insights
into the behavior of these spacetimes and perhaps also
motivate new ways of constructing phenomenological
waveform templates for use in gravitational-wave data
analysis.
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APPENDIX A: QUASINORMAL MODES
OF A SCHWARZSCHILD BLACK HOLE
IN REGGE-WHEELER GAUGE
In this Appendix, we review the Regge-Wheeler-Zerilli
(RWZ) formalism for black-hole perturbations, and we
discuss the calculations that underlie the results reported
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in Secs. III, IV, and V for quadrupolar perturbations of non-
spinning black holes in the RWZ gauge.
1. Regge-Wheeler-Zerilli formalism
Here we review the equations governing quasinormal
modes for a nonrotating black hole in the Regge-
Wheeler-Zerilli gauge [26,27].4 We write the metric in
Schwarzschild coordinates with a small perturbation h,
ds2¼2dt2þdr
2
2
þr2ðd	2þsin2	d
2Þþhdxdx;
2¼12M=r: (A1)
The components of h obey separable differential equa-
tions, and importantly h can be split into definite-parity
perturbations (electric and magnetic) which do not couple
to each other.
For magnetic-parity perturbations, the only nonzero
components of h in Regge-Wheeler gauge are
htA ¼ h0ðrÞei!tXlmA ð	;
Þ;
hrA ¼ h1ðrÞei!tXlmA ð	;
Þ:
(A2)
Here ! is the mode’s complex QNM eigenfrequency, and
XlmA is the magnetic-parity vector spherical harmonic on
the unit two-sphere,
Xlm	 ¼  csc	Ylm;
; Xlm
 ¼ sin	Ylm;	; (A3)
with Ylmð	;
Þ denoting the scalar spherical harmonics.
Regge and Wheeler [26,28] showed that the radial parts
of the metric perturbation, h0ðrÞ and h1ðrÞ, can be
expressed in terms of a single scalar radial eigenfunction
QðrÞ as
h0 ¼ 
2
i!
ðrQÞ;r; h1 ¼ rQ
2
; (A4)
which satisfies the eigenequation
Q;rr þ!2Q ¼VQðrÞQ;
VQðrÞ ¼ 2

lðlþ 1Þ
r2
 6M
r3

:
(A5)
Here r is the tortoise coordinate
dr ¼ dr
2
; r ¼ rþ 2M lnð2r=2MÞ; (A6)
which goes to þ1 far from the hole and 1 at the
hole’s horizon. This eigenequation must be solved subject
to the boundary conditions of outgoing waves at infinity,
Q ei!r as r ! þ1, and ingoing waves at the horizon,
Q ei!r as r ! 1.
For electric-parity modes, the nonzero components of
h in RWZ gauge are [27]
htt ¼ 2H0ðrÞei!tYlm; hrr ¼ H0ðrÞ
2
ei!tYlm;
htr ¼ H1ðrÞei!tYlm; hAB ¼ r2ABKðrÞei!tYlm:
(A7)
Here AB denotes the metric on the unit two-sphere. We
can write the metric perturbation functions in terms of the
Zerilli function ZðrÞ as5
K ¼

ðþ 1Þr2 þ 3Mrþ 6M2
r2ðrþ 3MÞ

Zþ Z;r;
H1 ¼ i!

r2  3Mr 3M2
ðr 2MÞðrþ 3MÞ

Z i!rZ;r;
H0 ¼

rðr 2MÞ !2r4 þMðr 3MÞ
ðr 2MÞðrþ 3MÞ

K
þ
ðþ 1ÞM!2r3
i!rðrþ 3MÞ

H1: (A8)
Here we have used Zerilli’s notation
 ¼ 1
2
ðl 1Þðlþ 2Þ: (A9)
The Zerilli function satisfies the eigenequation
Z;rr þ!2Z ¼V zðrÞZ; (A10)
where
V zðrÞ¼2
2
422ðþ1Þr3þ62Mr2þ18M2rþ18M3
r3ðrþ3MÞ2
3
5:
(A11)
The slices of constant Schwarzschild time t do not
intersect the black hole’s horizon, so in performing our
3þ1 split, we use slices of constant Eddington-Finklestein
time ~t ¼ tþ 2M lnðr=2M 1Þ. Written in Schwarzschild
coordinates, the perturbed tetrad for the EF observers is
given by Eqs. (2.4) and (2.7). For any chosen mode,
we compute the frame-drag and tidal fields by
(i) computing, from the metric-perturbation components
h, the perturbation R to the Riemann tensor (same
as Weyl) in Schwarzschild coordinates; (ii) projecting the
total Riemann tensor R ¼ Rð0Þ þ R (where
Rð0Þ is the unperturbed Riemann tensor) onto the per-
turbed EF tetrad; and (iii) reading off Ea^ b^ ¼ Ra^ 0^ b^ 0^ and
4There are many errors in the original paper of Regge and
Wheeler [26], most of which were corrected by Edelstein and
Vishveshwara [28]. We use the corrected equations without
further comment.
5In H1 we have corrected a term in the numerator of the
fraction: the last term, 3M2, was incorrectly written as 3M
by Zerilli, an error that should be obvious on dimensional
grounds.
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Ba^ b^ ¼ 12 a^ p^ q^Rp^ q^ 0^ b^ and splitting them into their unper-
turbed and perturbed parts.
2. Magnetic-parity ð2; mÞ mode: frame-drag field
We first focus on the ð2; mÞ quadrupolar modes for
magnetic-parity perturbations. Carrying out the above
computation, expressing the answer for the frame-drag
field in terms of the Regge-Wheeler function QðrÞ and
the electric-parity scalar, vector, and tensor harmonics
(see discussion in Appendix C 3), and simplifying using
Eq. (A5), we obtain:
Bð1Þr^ r^ ¼ <½B1ðmÞei!tY2m; (A12a)
Bð1Þ
r^ A^
¼ <½B2ðmÞei!tY2mA^ ; (A12b)
Bð1Þ
A^ B^
¼ <

 1
2
B1ðmÞA^ B^Y
2m þ B3ðmÞY2mA^ B^

ei!t

;
(A12c)
B1ðmÞðrÞ ¼  12Q
i!r3
; (A12d)
B2ðmÞðrÞ ¼  4iM!Qþ 2
2rQ0
i!r32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2M=rp ; (A12e)
B3ðmÞðrÞ ¼  1
i!r54ðrþ 2MÞ ð½3
2ðrMÞðr2 þ 4M2Þ
þ 4iM!r2ðr 3MÞ  r3!2ðr2 þ 4M2ÞQ
þ r2½ðr 3MÞðr2 þ 4M2Þ þ 4iM!r3Q0Þ;
(A12f)
where a prime denotes a derivative with respect to r, YlmA
and YlmAB are given by Eqs. (C23), and A^ B^ is the Kronecker
delta.
We have solved the Regge-Wheeler equation (A5) nu-
merically for the most slowly damped, quadrupolar normal
mode. When the numerical solution is inserted into the
above expressions for Bð1Þ
a^ b^
, numerical errors cause prob-
lems with delicate cancellations in the transverse-traceless
and radial-transverse components near the horizon. To deal
with this, we have derived the following asymptotic for-
mula for QðrÞ near the horizon, r=M1:
Q¼Y2iM!

1þ 3Yð14iM!Þeþ
9iM!Y2
ð14iM!Þð12iM!Þe2
 3ð1þ12iM!þ40M
2!2ÞY3
2ð14iM!Þð12Mi!Þð34iM!Þe3þOðY
4Þ

;
(A13)
where Y ¼ er=2M. Inserting this into Eqs. (A12), we find,
of course, that all components of Ba^ b^ are finite at the
horizon.
Using Eqs. (A12) for the frame-drag field, our analytic
formula (A13) forQðrÞ near the horizon, and our numerical
solution for QðrÞ at larger radii, and the (2,2) harmonics,
we compute the vortex lines and their vorticities for the
fundamental (2,2) quasinormal mode. We illustrate them in
Figs. 2–4 and 10.
For our superposition of the (2,2) and ð2;2Þ modes we
can simply sum the (2,2) and ð2;2Þ harmonics in the
above expressions. We plot the vortex lines for the result-
ing frame-drag field in Figs. 8 and 16, and the top row of
Fig. 18. We use the (2,1) harmonics for generating the
vortexes of the magnetic-parity, (2,1) perturbations that
are illustrated in Fig. 19. Finally, we use the (2,0) harmon-
ics to produce the vortexes and vortex lines of the (2,0)
magnetic-parity perturbation. We note that Y20

^
¼ Y20
	^ 
^
¼ 0
for this mode. This means that Bð1Þ
a^ b^
is block-diagonal, and
the vortex lines split into a pair of lines which remains in a
slice of constant 
 and a single, axial line that runs in
circles of constant ðr; 	Þ. In a slice of constant 
, we
illustrate the two sets of vortex lines in the slice and their
voticity together in Fig. 6 and separately in the left and
middle panels of Fig. 22. We also plot the vorticity of the
axial lines in a slice in the right panel of Fig. 22.
3. Electric-parity ð2; mÞ modes: frame-drag field
Carrying out the calculation described at the end of
Sec. A 1 using the electric-parity metric perturbation
(A7), expressing the result in terms of the Zerilli function
Z with the aid of Eqs. (A8), and simplifying using Zerilli’s
differential equation (A10), we obtain for the frame-drag
field of a ð2; mÞ electric-parity perturbation
Bð1Þr^ r^ ¼ 0; (A14a)
Bð1Þ
r^ A^
¼ <½B1ðeÞei!tX2mA^ ; (A14b)
Bð1Þ
A^ B^
¼ <½B2ðeÞei!tX2mA^ B^; (A14c)
where
B1ðeÞ ¼ ½6M
22 i!r2ð2rþ3MÞZ2Mr2ð2rþ3MÞZ0
2r52
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ2M=rp ;
(A14d)
B2ðeÞ ¼ 1
2r44ð2rþ 3MÞðrþ 2MÞ
 ð½12M2ðM2 þ 4r1Þ  i!ðr2 þ 4M2Þ2
þ 4M!2r3ð2rþ 3MÞZ r2½4M2
þ i!rð2rþ 3MÞðr2 þ 4M2ÞZ0Þ: (A14e)
Here a prime denotes a derivative with respect to r, and XlmA
and XlmAB are the magnetic-parity vector and tensor spheri-
cal harmonics given by Eqs. (C26) (see discussion in
Appendix C 3). We have defined here for convenience
the functions
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1 ¼ r
2 þMrþM2
2rþ 3M ; 2 ¼ ð2r
2  6Mr 3M2Þ:
(A14f)
We note again that the horizon vorticity, Bð1ÞNN, vanishes.
With thisBð1Þ
a^ b^
we can again compute the eigenvector fields
and eigenvalues for the perturbed spacetime, and from
them compute the vortex lines. We use these expressions
to calculate the vortex lines and their vorticities generated
by electric-parity perturbations. In order to compute the
vortex lines for these modes, once again we expand Z
around the horizon in terms of Y ¼ er=2M up to OðY3Þ.
We use this series to match to a numerical solution of the
Zerilli equation subject to ingoing-wave boundary condi-
tions. Because the Zerilli potential V z is more compli-
cated than the Regge-Wheeler potential VQ, the
coefficients of the expansion of Z in powers of Y are
lengthy but easily computed using algebraic computing
software such as MATHEMATICA. For this reason, we do
not give the coefficients here.
For an electric-parity (2,2) perturbation, the only set of
vortex lines that are confined to the equatorial plane have
vanishing vorticity (and are of less physical interest).
Instead, we used the above frame-drag field to compute,
and then plot in Fig. 13, the vorticity of one of the sets of
vortex lines that pass through the equatorial plane at
a 45-degree angle: the set with negative vorticity. Just as
with the magnetic-parity modes, we superpose a (2,2)
perturbation with a ð2;2Þ perturbation by a simple sum
of the harmonics. The vorticity of these lines passing
through the equatorial plane (the analog of Fig. 13) is
plotted in Fig. 17.
For the vortex lines of the (2,1) mode, there is a reflection
symmetry about the equatorial plane, which implies that
there are two sets of vortex lines confined to the plane, with
a third normal to it. We illustrate the vortex lines and three-
dimensional vortexes of this mode in Fig. 20. Finally, when
we use the (2,0) harmonics, we note that X20
	^
¼ X20
	^ 	^
¼
X20

^ 
^
¼ 0. While this means that the frame drag field is
simple, it is not block-diagonal and its nonzero vortex lines
pass through all three dimensions. There is a single set of
axial vortex lines with zero vorticity, and two sets with
equal and opposite vorticity that wind around deformed
tori. We illustrate the vorticity in a slice of constant 
 for
the negative lines in Fig. 23. In addition, we illustrate some
three-dimensional vortex lines in Figs. 7 and 24.
4. Electric-parity (2,2) mode: tidal field
To help understand the slicing dependence of our results,
we compare fields generated by electric-parity perturba-
tions, because the slicings are identical for all magnetic-
parity perturbations. In particular, we focused on the
perturbed tidal field for the electric-parity, (2,2) mode.
Carrying out the calculation of this mode as above when
using the electric-parity metric perturbation (A7), we obtain
Eð1Þr^ r^ ¼ <½E1ðeÞei!tY22 (A15a)
Eð1Þ
r^ A^
¼ <½E2ðeÞei!tY22A^ ; (A15b)
Eð1Þ
A^ B^
¼ <

 1
2
E1ðeÞA^ B^Y
22 þ E3ðeÞY22A^ B^

ei!t

; (A15c)
E1ðeÞðrÞ ¼  3Z
2r3
(A15d)
E2ðeÞðrÞ ¼ ½3M
2  2iM!ð2rþ 3MÞZ 2rð2rþ 3MÞZ0
2r42
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2M=rp ; (A15e)
E3ðeÞðrÞ ¼ 1
2r44ðrþ 2MÞ

 3
2ð3M3 þ 6M2rþ 4Mr2 þ 4r3Þð4Mþ r2Þ
ð2rþ 3MÞ2 þ
4iM!rð3M2 þ 6Mr 2r2Þ
ð2rþ 3MÞ
þ!2r3ð4Mþ r4Þ

Zþ 2r
ð3M2 þ 6Mr 2r2Þð4Mþ r2Þ
2rþ 3M  4iM!r
2

Z0

; (A15f)
whereZ is a function which obeys the same Regge-Wheeler
equation (A5) asQ and can be built from the Zerilli function
Z as, (see, e.g., Ch. 4, Eq. (156) of Ref. [29])
Z ¼

2ðþ 1Þ
3M
þ 3M
2
rðrþ 3MÞ

Z Z;r

; (A16)
for integers l 	 2. This implies there is an exact duality
between Er^ r^ for electric-parity perturbations and Br^ r^
magnetic-parity perturbations [in fact for any ðl; mÞ mode]
in RWZ gauge. This follows from the facts that these radial-
radial components have the same time, radial, and angular
dependence (but not necessarily the same amplitude and
phase). However, we can fix the relative normalization
of the Regge-Wheeler function Q and Zerilli function Z
such that Q ¼ !Z=8, in which case we have for
Eqs. (A12d) and (A15a)
B1ðmÞðrÞ ¼ iE1ðeÞðrÞ: (A17)
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Substituting Z into Eqs. (A15b) and (A15c) does not illus-
trate the near duality of the other components of Eð1Þ and
Bð1Þ in an obvious manner, so we leave these equations in
terms of Z.
As we discuss in the next section, however, the exact
duality of Eð1Þr^ r^ andB
ð1Þ
r^ r^ does not immediately correspond to
an exact duality of the horizon tendicity and vorticity. This
happens because in RWZ gauge, the electric-parity pertur-
bations deform the horizon, which changes the horizon
tendicity.
For the electric-parity, (2,2) perturbation, the tidal field
is symmetric about the equatorial plane, and there are two
sets of tendex lines that remain in the equatorial plane (just
as the vortex lines of the (2,2) magnetic-parity mode did).
The tendex lines are illustrated in the left-hand panel of
Fig. 11.
5. Perturbed horizon and horizon tendicity
for electric-parity modes
We discuss here the correction to the position of the
horizon and its influence on the perturbed horizon tendicity
for the electric-parity (2,2) modes. First, we calculate the
correction to the horizon position r using the same proce-
dure as that of Vega, Poisson, and Massey [18]. The horizon
generators, ~l, for the perturbed spacetime are given by
l ¼ @x

@~t
¼ ð1þ  _t;  _r;  _	;  _
Þ; (A18)
where an overdot represents a derivative with respect to ~t.
The functions 	 and 
 change the location of individual
generators, but do not alter the shape of the surface defined
by the instantaneous horizon.Wewill not treat them here, but
they are described in Ref. [18]. By requiring that the gen-
erators remain null to first order in the perturbation, we find
r 4M _r ¼ 2Mhll: (A19)
For IR gauge, hll ¼ 0 and the only physical solution of
Eq. (A19) is r ¼ 0. Magnetic-parity RWZ perturbations
also have hll ¼ 0, and, therefore, the coordinate location of
the horizon does not change in this gauge either. For electric-
parity perturbations in RWZ gauge, we use the fact that hll ¼
h~t ~t on the horizon to solve for the perturbation to the
horizon’s shape. For a general electric-parity perturbation
of indices ðl; mÞ, Eqs. (A7) allow us to write
r ¼ <

e2iM!
þ i! e
i!~tYlm lim
r!2M

H1 H0
r 2M e
i!r

; (A20)
where  ¼ ð4MÞ1 is the horizon’s unperturbed surface
gravity. We evaluate these quantities on the horizon using
the near-horizon expansion of the Zerilli function Z, and they
are finite.
The perturbation to the position of the horizon corrects
the perturbative horizon tendicity in two ways: First, the
background horizon tendicity Eð0Þr^ r^ , when evaluated at
r ¼ 2Mþ r, becomes, through first order in r,
Eð0Þr^ r^ ðr ¼ rHÞ ¼ 
1
4M2
þ 3
8M3
r: (A21)
Next, we recall that ~er^ ¼ ~eð0Þr^ þ ~eð1Þr^ is normal to surfaces
of constant r through perturbative order. Now that the
horizon’s surface is deformed, however, the normal to the
horizon ~N is no longer precisely the same as ~er^. It receives
a correction such that
N ¼ 1
N
rðrþ rÞ
¼ eð0Þr^ þ eð1Þr^ þ N  ðNeð0Þr^ Þeð0Þ

r^ ; (A22)
where N ¼ Nð0Þ þ Nð1Þ is a normalization factor and
N ¼ ðð0Þ rrÞ=Nð0Þ deforms ~N away from ~er^. Note
that the leading-order normal remains ~Nð0Þ ¼ ~eð0Þr^ . The
deformation of the horizon normal produces additional
modifications to the horizon tendicity,
ENN ¼ Eð2Mþ rÞNN
¼ Eð0Þr^ r^ þ Eð1Þr^ r^ þ
3
8M3
rþ 2Eð0Þr^N  2Eð0Þr^ r^ Neð0Þr^ ;
(A23)
where, as usual, Eð1Þr^ r^ includes the effects of both the per-
turbation to the tidal field and to ~eð1Þr^ (and where all
quantities are evaluated at the unperturbed horizon position
r ¼ 2M). The new contributions [the last three terms on
the right-hand side of Eq. (A23)] come from the displace-
ment of the position of the horizon r and the deformation
to the normal  ~N.
In RWZ gauge, the ð~t; rÞ components of  ~N vanish,
although  ~N does have angular components; this means
that the deformation to the normal to the horizon  ~N does
not affect the horizon tendicity in RWZ gauge. [To show
this, note first that when the deformation to the normal has
no ð~t; rÞ components Neð0Þr^ ¼ 0. Then observe that the
(projected) spatial tidal field Eð0Þ is diagonal and that  ~N
has only angular components; therefore, the term
Eð0Þr^N
 ¼ 0 and all terms involving  ~N in Eq. (A23)
vanish as well.] Only the shifted coordinate location of
the horizon changes the horizon tendicity, and we find
E ð1ÞNN ¼ Eð1Þr^ r^ þ
3
8M3
r: (A24)
From Eq. (A20), we see that the angular distribution of Eð1ÞNN
in RWZ gauge is the same as in IR gauge [it is Y22ð	;
Þ].
With the angular dependence of the horizon tendicity
well understood, let us focus on the amplitude and time
dependence of the horizon tendicity. Using a notation
analogous to that in Eq. (A15a), we write the horizon
tendicity in the form
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Eð1ÞNN ¼ E1ðeÞðr ¼ 2MÞei!~tY22; (A25)
for some amplitude E1ðeÞ [we can do this because both
terms in Eq. (A24) have the same time dependence]. This
amplitude has two contributions: one from the amplitude
(and phase) of Eð1Þr^ r^ , and the other from the correction to the
radial perturbation of the generators [second term on the
right hand side of Eq. (A24)]. We plot these contributions
to E1ðeÞei!~t of Eq. (A25) in Fig. 25, as a function of ~t and
normalized by the maximum of the (perturbed) horizon
tendicity. We also plot the amplitude of total perturbation
to the horizon tendicity, E1ðeÞei!
~t (the sum of the two
contributions). The two contributions are of roughly the
same magnitude, but are out of phase. The influence of the
change in horizon position (dot-dashed line) is slightly
larger than Eð1Þr^ r^ (dashed line).
That Eð1ÞNN differs from E
ð1Þ
r^ r^ only by an amplitude and
phase means that, in some sense, the duality between the
horizon tendicity and vorticity (which is exact in IR gauge)
is still intact; however, they are no longer related by the
simple phase shift of i. In fact, we could choose a different
normalization between the Regge-Wheeler function Q and
the Zerilli function Z than we did in Appendix A 4
to restore this duality relation, but this would only hold
for the horizon tendicity and vorticity [and the duality in
Eq. (A17) would be more complicated, with a complex
amplitude replacing the factor of i].
6. Magnetic-parity, superposed (2,2) and ð2;2Þ
modes: tidal field
In order to understand better the dynamics and inter-
action of the tendexes and vortexes, we compute the
perturbations to the tidal field that must accompany the
frame-drag field of a magnetic-parity perturbation for
the superposed (2,2) and ð2;2Þ modes. These tidal per-
turbations are much like the frame-drag perturbations of
an electric-parity metric perturbation, as expected by the
near duality. Their odd parity ensures that they must be
reflection antisymmetric about the equatorial plane. If we
consider the tendex lines of Eð1Þ alone, there must be a
zero tendicity set of tendex lines in the plane, and two sets
which pass through the plane at 45 with equal and
opposite tendicity. We are also assured that Eð1ÞNN ¼ 0.
From the calculation described at the beginning of
Sec. A 1 above, we obtain:
Eð1Þr^ r^ ¼ 0; (A26a)
Eð1Þ
r^ A^
¼ <½E1ðmÞei!tðX22A^ þ X22A^ Þ; (A26b)
Eð1Þ
A^ B^
¼ <½E2ðmÞei!tðX22A^ B^ þ X22A^ B^ Þ; (A26c)
E1ðmÞ ¼ 2i!rQþ 4M
2Q0
i!r32
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2M=rp ; (A26d)
E2ðmÞ ¼ ½6M
2ð2 þ 1Þ þ i!ðr2  3Mr 2M2 þ 6M22Þ  4M!2r2Qþ 2½12M2 þ 4rðMþ iM2!Þ þ i!r3Q0
i!r44ð1þ 2M=rÞ :
(A26e)
We illustrate the tendicity of the predominantly negative tendex lines in the equatorial plane in the time series of Fig. 18
(bottom row), which shows the evolution over a half period of oscillation of the metric perturbation.
APPENDIX B: TEUKOLSKY’S EQUATION AND BLACK-HOLE PERTURBATIONS
IN THE NEWMAN-PENROSE FORMALISM
The results in this Appendix appear in many places in the literature (see, for example, Teukolsky’s paper [30]). We
summarize them here because we will need them in Appendixes C and E.
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FIG. 25. Plot illustrating the contributions to the amplitude
E1ðeÞei!~t [Eq. (A25)] of the perturbed horizon tendicity E
ð1Þ
NN,
in RWZ gauge for the electric-parity, (2,2) perturbation. Plotted
against ~t are the amplitude contributions from Eð1Þr^ r^ (dashed line),
and from the perturbative shift of the horizon generators [dot-
dashed line; see Eqs. (A21) and (A24)]. The time-dependent
amplitude of the total perturbed horizon tendicity is the solid line.
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Teukolsky’s equation relies on the Newman-Penrose (NP)
formalism using Kinnersley’s tetrad, which is the principal
complex null tetrad in the Schwarzschild and Kerr space-
times. For Kerr, in the Boyer-Lindquist coordinate basis
f@t; @r; @	; @
g [Eq. (6.1) of Paper II], this tetrad’s contra-
variant components are given by
l ¼ 1

ðr2 þ a2;; 0; aÞ;
n ¼ 1
2
ðr2 þ a2;; 0; aÞ;
m ¼ 1ﬃﬃﬃ
2
p ðrþ ia cos	Þ ðia sin	; 0; 1; i csc	Þ;
(B1)
with the final leg given by ~m, the complex conjugate of ~m.
Here
 ¼ r2 þ 2Mrþ a2;  ¼ r2 þ a2cos2	: (B2)
When a is taken to zero, we recover the Kinnersley tetrad
for Schwarzschild spacetime in the Schwarzschild coordi-
nate basis [Eq. (4.1) of Paper II]. The Teukolsky equation
also requires the NP spin coefficients, certain contractions
of covariant derivatives of the tetrad above given by
Eq. (4.1a) of Ref. [31] (though with the opposite signs
because of differing metric-signature conventions). The
nonzero spin coefficients in this tetrad are
 ¼  1
r ia cos	 ;  ¼
iaﬃﬃﬃ
2
p 2 sin	;
 ¼  1
2
ﬃﬃﬃ
2
p  cot	;  ¼  ;  ¼ 

2
;
 ¼ þ rM
2
;  ¼  iaﬃﬃﬃ
2
p

sin	: (B3)
The Weyl scalars 0 and 4 are defined in terms of the
Weyl tensor by 0 ¼ Clmlm and 4 ¼
Cn
mnm. These both vanish in the background
when using the Kinnersley tetrad, and are gauge invariant
at first order in the perturbation theory [30], consequently.
At that perturbative order, they satisfy decoupled, linear,
second-order partial-differential equations. Teukolsky’s
big breakthrough [30] was to show that, when those equa-
tions are reexpressed in terms of
c 2 
 0 and c2 
 44; (B4)
they take on a unified form (the Teukolsky equation) that
depends on the spin weight s ¼ þ2 for c 2 and s ¼ 2 for
c2, and that is separable; i.e., it has a solution of the form
c lm!s ¼ sRlm!ðrÞsSlm!ð	Þeiðm
!tÞ. The Teukolsky equa-
tion implies for the radial function sRlm! the following
ordinary differential equation (in vacuum)
0 ¼ s d
dr

sþ1
dsRlm!
dr

þ

K2  2isðrMÞK

þ 4is!rþ 2am! a2!2  sAlm

sRlm!; (B5)
where sAlm is a separation constant that is a function
of a! [i.e., sAlm ¼ sAlmða!Þ], and K 
 ðr2 þ a2Þ!
am. The radial function has the symmetries sRlm! ¼
ð1ÞmsRlm! . The angular function, 2Slm!ð	Þ, (called
the spin-weighted spheroidal harmonic) satisfies the ordi-
nary differential equation (in vacuum)
0 ¼ csc	 d
d	

sin	
dsSlm!
d	

þ ða2!2cos2	m2csc2	 2a!s cos	
 2ms cot	 csc	 s2cot2	þ sþ sAlmÞsSlm!: (B6)
This angular function has the symmetries sSlm!ð	Þ¼
ð1ÞðmþlÞsSlm!ð	Þ and sSlm!ð	Þ¼ð1ÞmþssSlm! ð	Þ,
where we are using a phase convention such that the
angular functions agree with the usual convention for
spin-weighted spherical harmonics in the limit that spin
parameter, a, goes to zero.
It is often useful, in working with the perturbation
equations, to change variables from the separation con-
stants sAlm to Chandrasekhar’s [29]
slm 
 sAlm þ sþ jsj  2am!þ a2!2; (B7)
which are the same for positive and negative spin weights,
s.
APPENDIX C: THE CHRZANOWSKI-COHEN-
KEGELES PROCEDURE AND THE
INGOING-RADIATION-GAUGE METRIC
In this Appendix, we will review the formalism used for
computing the ingoing-radiation-gauge (IR gauge) metric,
using what is known as the Chrzanowski-Cohen-Kegeles
(CCK) procedure. Wewill also connect the CCK procedure
to Chrzanowski’s original calculation of definite-parity
harmonics, which we find useful for our calculations.
Although Chrzanowski conjectured that ‘‘the conceptual
benefits of having found the perturbed Kerr metric poten-
tials surpass the usefulness of these potentials for doing
future computations’’ [32], the procedure he helped to
formulate has found several applications in the past few
years. Lousto and Whiting [33] revisited Chrzanowski’s
construction and found explicit expressions for computing
the Hertz potential corresponding to specific perturbations
of the Weyl curvature scalars 0 and 4 in the
Schwarzschild spacetime. Ori then derived a similar result
for Kerr black holes, using a frequency-domain calculation
[34]. Yunes and Gonzalez were the first to explicitly com-
pute the metric of a perturbed Kerr black hole from the
Hertz potential [35], and Keidl, Friedman, and Wiseman
were the first to use the procedure to calculate the metric
perturbation from a static point particle in the
Schwarzschild spacetime [36]. More recently, Keidl,
Shah, and their collaborators articulated a formalism for
computing the gravitational self-force of a point particle in
the Schwarzschild or Kerr spacetimes using the metric
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constructed from a Hertz potential [37]. They were then
able to compute the conservative piece of the self-force
from this metric perturbation in the Schwarzschild space-
time [38]. In the first article [37], they gave a concise
summary of constructing metric perturbations from a
Hertz potential, and they called this process the
Chrzanowski-Cohen-Kegeles (CCK) procedure or formal-
ism (names we will also adopt).
In the first part of this Appendix, wewill review the CCK
formalism in a similar manner to how Keidl summarized it
in Ref. [37]. While the metric we ultimately compute in this
paper is nearly identical to that described by Chrzanowski
[32], we find it helpful to put Chrzanowski’s original cal-
culation into the context of the more recent work on the
CCK procedure. Furthermore, we review the CCK proce-
dure here, rather than simply referring the interested reader
to Ref. [37], because there are several differences between
our calculation and that set forth in Ref. [37]: we use a
metric of the opposite signature, we calculate the metric
corresponding to quasinormal modes with complex fre-
quencies, we construct the metric in a different radiation
gauge, and (like Chrzanowski’s original calculation) we are
interested in metric perturbations of definite parities.
Because the CCK formalism relies heavily on the
Newman-Penrose formalism and Teukolsky’s equation for
perturbations of Weyl curvature scalars, we review these in
Appendix B. In the second part of this Appendix, we will
describe how to use the CCK procedure to compute definte-
parity metric perturbations corresponding to quasinormal
modes. In the third part of this Appendix, we compute the
metric perturbations in a notation in which they can be
compared more easily with those of the RWZ formalism
(a calculation originally performed by Ref. [32]), and we
also give explicit analytial expressions for the tidal and
frame-drag fields for (2,2) perturbations, which highlight
a near duality between the perturbative pieces of these fields
for perturbations of opposite parities. In the final part, we
summarize how we numerically calculate the IR gauge
metric perturbations that we use in the visualizations in
Figs. 4, 12, 14, 15, and 26.
1. The CCK procedure
The purpose of the CCK procedure is to construct a
metric perturbation, h, from a given solution to
Teukolsky’s equation, either c 2 ¼ 0 or c2 ¼ 44
(see Appendix B for a summary of the Teukolsky formal-
ism). As part of the calculation, it is necessary to relate the
solutions of the Teukolsky equation to a Hertz potential
from which the metric perturbation is directly constructed
[see Eq. (C5) for the general relationship, Eq. (C11) for the
relationship for the radial functions for their harmonics,
and Eq. (C18) for the relationship of the radial functions of
definite-parity perturbations].
The CCK procedure can construct a metric in either
ingoing-radiation (IR) gauge,
hl
 ¼ 0; hgð0Þ ¼ 0; (C1)
or outgoing-radiation gauge
hn
 ¼ 0; hgð0Þ ¼ 0; (C2)
for Schwarzschild and Kerr black holes. Here l and n are
two vectors of a Newman-Penrose null tetrad [for our
calculations, we will use the Kinnersley tetrad, Eq. (B1)],
and gð0Þ is the background Schwarzschild or Kerr metric.
Because our goal is to compute vacuum perturbations of
Kerr that are regular on the future event horizon, we will
construct the metric perturbation in IR gauge, and we will
be able to compute it by algebraically inverting a differen-
tial relationship between the harmonics of the Hertz po-
tential and those of c2 [the result is in Eq. (C11)].
The Hertz potential is tensor with the same symmetries
as the Riemann tensor, whose double coordinate diver-
gence is a harmonic coordinate metric. Stewart [39]
showed that in Type D spacetimes, there is sufficient gauge
freedom that one can represent the independent degrees of
freedom of the perturbative part of the Hertz potential as a
single complex scalar; furthermore, if one applies a coor-
dinate transformation from harmonic gauge into IR gauge,
the Hertz potential, which we will denote by H, is a
solution of the vacuum Teukolsky equation for scalars of
spin weight s ¼ 2 (the same as c2). One can then
construct a metric perturbation from the Hertz potential
by applying several differential operators to H,
h¼fllðþþ3Þðþ4þ3Þ
mmðDþ3ÞðDþ3þ4Þ
þ lðmÞ½ðDþþþ3Þðþ4þ3Þ
þðþ3ÞðDþ3þ4ÞgHþc:c:
(C3)
(see, e.g., Eqs. (93) and (94) of Ref. [36]). The differential
operators are defined by D ¼ lr and  ¼ mr. The
last term in Eq. (C3), denoted by ‘‘c.c.,’’ means to take
the complex conjugate of the entire expression, so that the
metric perturbation is real.
When computing perturbations of black holes, it is help-
ful to be able to relate a given Hertz potential H to a
specific perturbation of the Weyl scalar4. It is possible to
do this by computing the components of the perturbative
Riemann tensor from the metric perturbations (C3) that
correspond to the Weyl scalar
4 ¼ Cnmnm: (C4)
The result can be expressed compactly as
c2 ¼ 18 ðL
y4H  12M@tHÞ (C5)
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[see, e.g., Table I of the paper by Keidl [37], where ourLy
is their ~L]. We have used the shorthand that Ly4 ¼
Ly1L
y
0L
y
1L
y
2 , where
L ys ¼ ð@	 þ s cot	 i csc	@
Þ þ ia sin	@t: (C6)
In general, solving for the Hertz potential H that corre-
sponds to a perturbedWeyl scalar4 involves inverting the
fourth-order partial differential equation (C5); however,
when H and c2 are expanded in harmonics in the
frequency domain, it is possible to perform the inversion
algebraically.
The algebraic inversion can be completed by expanding
c2 in harmonics,
c2 ¼
X
lm!
c ðlm!Þ2 ¼
X
lm!
2Rlm!ðrÞ2Slm!ð	Þeiðm
!tÞ;
(C7)
where 2Rlm!ðrÞ and 2Slm!ð	Þ satisfy Eqs. (B5) and (B6).
In the IR gauge, the Hertz potential is a solution to the
Teukolsky equation with spin s ¼ 2; consequently, it can
also be expanded in the same harmonics
H ¼
X
lm!
ðlm!ÞH ¼
X
lm!
2Xlm!ðrÞ2Slm!ð	Þeiðm
!tÞ:
(C8)
The radial function of the Hertz potential’s harmonics
2Xlm!ðrÞ also satisfies the vacuum Teukolsky radial equa-
tion, but because it is not the same radial function as in the
harmonics of c2, we denote it with a different function.
The radial functions of the harmonics of H and c2 can
be related by substituting Eqs. (C7) and (C8) into Eq. (C5)
and using the Teukolsky-Starobinsky identity
L y42Slm! ¼ D2Slm! (C9)
(Eq. (59) of Ch. 9 of Ref. [29], after noting that our Lys is
equivalent to Ls there), and the identity
2Slm! ¼ ð1Þm2Slm! : (C10)
Then, it is necessary to equate the full radial function for a
given angular and time harmonic of the Hertz potential to
the radial functions 2Rlm! of c2. After this relationship
is inverted, the individual radial harmonics of the Hertz
potential can be written as
2Xlm! ¼ 8
ð1ÞmD2Rlm!  12iM!2Rlm!
D2 þ 144M2!2 :
(C11)
The constant D 
 Dlm! ¼ Dlm! is defined by
D2 ¼ 2ðþ 2Þ2  8ð5þ 6Þða2!2  am!Þ
þ 96a2!2 þ 144ða2!2  am!Þ2; (C.12)
where  is the separation constant (B7) used by
Chandrasekhar [29] (a choice of the separation constant
that is the same for both the angular and the radial equa-
tions). Although the Teukolsky-Starobinsky identities are
usually derived assuming real frequencies, they have been
shown to hold for complex frequencies as well (for a recent
derivation, see Ref. [40]).
The general description of the CCK formalism is now
complete: (i) For a vacuum perturbation of4, we can find
the Hertz potential H that corresponds to this perturba-
tion by expanding H in harmonics [Eq. (C8)] and
expressing the radial functions of this expansion in terms
of those of c2 ¼ 44 via Eq. (C11). (ii) From the
resulting H, we can then compute the metric perturba-
tions via Eq. (C3).
Next, we will show that if we choose the radial function
of the Hertz potential to correspond to a perturbation of
c2 with definite parity, then the result of this calculation
is equivalent to Chrzanowski’s original calculation of
definite-parity metric perturbations [32].
2. Definite-parity harmonics
and Chrzanowski’s calculation
Let us now connect this CCK procedure with
Chrzanowski’s original calculation of metric perturbations
of definite parities. We shall begin by showing that, if the
perturbations have definite parity (electric or magnetic),
then the Hertz potential must itself transform as H !
ð1ÞlH under parity (the plus and minus correspond to
electric- and magnetic-parity perturbations, respectively),
and its radial harmonics must satisfy 2Xlm! ¼ð1Þm2Xlm!. In turn, this implies that the radial
harmonics of c2 must satisfy the same relationship
2R

lm! ¼ ð1Þm2Rlm!.
To deduce these relationships, we discuss the parity of
the terms that appear in Eq. (C3). The Newman-Penrose
tetrad and spin coefficients of the background spacetime
transform in several different ways under parity: ~l and ~n
have positive parity, and ~m does not have a definite parity,
~m!  ~m. Similarly, the differential operator D ¼ lr
has positive parity, and  ¼ mr again does not have a
definite parity, ! . Three of the nonzero spin coef-
ficients map to their complex conjugates under parity (!
, ! , and ! ), and the remaining four spin
coefficients become minus their complex conjugates under
parity (! , ! , ! , and ! ).
These relationships hold true for both Schwarzschild and
Kerr, although in the former case, the spin coefficients are
real and, therefore, have definite parity.
When applying a parity transformation to the perturba-
tive metric tensor, hdx
dx, where h is given by
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Eq. (C3), we can show that the tensor differential operator
in Eq. (C3) becomes its complex conjugate by using the
parity transformations for the spin coefficients, NP tetrad,
and differential operators above. As a result, the metric
perturbation will have either electric or magnetic parity
when the Hertz potential transforms as
H ! ð1ÞlH (C13)
under parity. The plus sign corresponds to an electric-
parity perturbation, and the minus sign describes a
magnetic-parity perturbation. The condition this implies
on the harmonics is also quite simple, which we can
determine by applying a parity transformation to the
Hertz potential expanded in harmonics [Eq. (C8)] and
equating it to its complex conjugate. Then using the prop-
erties of the Teukolsky angular functions
sSlm!ð 	Þ ¼ ð1ÞmþlsSlm!ð	Þ (C14)
sS

lm!ð	Þ ¼ ð1ÞmþssSlm! ð	Þ (C15)
(see Appendix B) and equating the radial function of each
time and angular harmonic, we obtain the following con-
dition on its radial functions,
2X

lm! ¼ ð1Þm2Xlm!: (C16)
Similarly, by substituting Eq. (C11) into the expression
above, we find an analogous relationship for the radial
function of the Weyl scalar c2,
2Rlm! ¼ ð1Þm2Rlm!: (C17)
For these definite-parity perturbations, the relationship
between the radial functions of the Hertz potential and
c2, Eq. (C11) also simplifies,
2Xlm! ¼ 8ðD  12iM!Þ12Rlm!; (C18)
namely, for definite-parity perturbations, the radial func-
tions of c2 and H differ by only a complex constant.
Because Eq. (C18) shows that the two radial functions
2Xlm! and 2Rlm! differ only by a constant multiple,
we will express both H and c2 in terms of the radial
function of c2, 2Rlm! for simplicity.
In the next part (and also for all other IR gauge calcu-
lations in this paper), we will compute a metric perturba-
tion that corresponds to a perturbation of c2 of the form
c2 ¼  18 ðD
  12iM!Þ2Rlm!eiðm
!tÞ2Slm! þ
1
8
ð1ÞmðD 12iM!Þ2Rlm!eiðm
!tÞ2Slm! : (C19)
The corresponding Hertz potential is
H ¼ 2Rlm!eiðm
!tÞ2Slm!  ð1Þm2Rlm!2eiðm
!tÞ2Slm! : (C20)
We choose the prefactors on the modes of c2 so as to
make the Hertz potential (and, therefore, the metric) as
simple as possible. Furthermore, this choice gives the same
definite-parity metric as that of Chrzanowski (when we
take the real part of his expressions).
3. Definite-parity CCK metric perturbations and tidal
and frame-drag fields for Schwarzschild black holes
In the first two parts of this section, we will
calculate electric- and magnetic-parity perturbations
of Schwarzschild black holes in IR gauge. Because
Chrzanowski performed this calculation in Table III of
Ref. [32], and our results agree with his, we do not go
into great detail describing the calculations; instead, we
aim show the results here so as to be able to compare with
the RWZ formalism in Appendix A. In the third part, we
will compute the tidal and frame-drag fields corresponding
to these metric perturbations and show a near duality of the
tidal and frame-drag fields of opposite parity perturbations
for the (2,2) mode.
a. Electric-parity metric perturbations
We begin this part by comparing the metric produced
by the CCK procedure to that of the RWZ formalism. We
will write the RWZ metric using the covariant notation
described by Martel and Poisson [41]. Martel and Poisson
write the electric-parity perturbations as
hðeÞab ¼
X
lm
hlmabY
lm; (C21a)
hðeÞaB ¼
X
lm
jlma Y
lm
B ; (C21b)
hðeÞAB ¼ r2
X
lm
ðKlmABYlm þGlmYlmABÞ; (C21c)
where the lowercase indices run over the radial and time
coordinates (e.g., a, b ¼ t, r), and uppercase indices run
over the angular coordinates as before, A, B ¼ 	, 
. The
angular functions Ylm are scalar spherical harmonics, YlmB
are the electric-parity Regge-Wheeler harmonics, and YlmAB
are transverse-traceless, electric-parity tensor harmonics;
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the termAB is the metric on a two-sphere. The vector and
tensor harmonics are defined by
YlmA ¼ DAYlm; (C22a)
YlmAB ¼

DADB þ 12 lðlþ 1ÞAB

Ylm; (C22b)
where DA is the covariant derivative on a two-sphere.
Because the Schwarzschild spacetime is spherically
symmetric, we can see, intuitively, that the CCK metric,
Eq. (C3), corresponding to an electric-parity quasinormal-
mode perturbation [the plus sign in Eq. (C20)] will have a
relatively simple form. The angular operators acting on the
Hertz potential in Eq. (C3) become the spin-weight raising
and lowering operators, and the angular functions become
the spin-weighted spherical harmonics; furthermore, and
when the spin-weighted harmonics are combined with the
appropriate factors of ~m and ~m the angular functions
become proportional to the scalar, vector, and tensor
harmonics described above. When performing the calcu-
lation, we will need to use the following identities, which
can be found, for example, by adapting Eqs. (2.22a) and
(2.38e) in the review by Thorne [42] to the notation used
here,
YlmA ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lðlþ 1Þ
2
s
ð1YlmmA  1YlmmAÞ; (C23a)
YlmAB ¼
ﬃﬃﬃﬃ
D
p
2
ð2YlmmAmB þ 2YlmmAmBÞ: (C23b)
The Teukolsky-Starobinsky constant for spin-weighted
spherical harmonics is D ¼ ðlþ 2Þ!=ðl 2Þ!. We can
then find that the metric coefficients are given by
hðeÞtt ¼ 2hðeÞtr ¼ 4hðeÞrr ¼  2
ﬃﬃﬃﬃ
D
p
r2
<½2Rlmei!tYlm; (C24a)
hðeÞtA ¼ 2hðeÞrA ¼
ﬃﬃﬃﬃ
D
p
2lðlþ 1Þ2<

d
dr 2
Rlm 

i!þ 2
2
r

2Rlm

YlmA e
i!t

; (C24b)
hðeÞAB ¼
2ﬃﬃﬃﬃ
D
p
4
<

ði!r2 MÞ d
dr 2
Rlm 

1
2
22  i!ð3rþ 7MÞ  r2!2

2Rlm

YlmABe
i!t

: (C24c)
In the last equation we have used the radial Teukolsky
equation to eliminate the second-derivative term, and we
have defined 2 ¼ ðl 1Þðlþ 2Þ (which is also equal to
lðlþ 1Þ  sðsþ 1Þ for s ¼ 2).
There are a few noteworthy differences between the
IR gauge electric-parity perturbations and the electric-
parity RWZ-gauge metric. The CCK metric has a
strictly angular part of the perturbation which is pro-
portional to the transverse-traceless harmonics, and the
trace portion of the angular block vanishes; conversely,
the angular block of the RWZ metric perturbation has a
trace part, but no transverse-traceless perturbation. The
hðeÞtr part of the metric perturbation also has a simpler
relationship with the hðeÞtt and h
ðeÞ
rr components in IR
gauge than in RWZ gauge; one reason for this is that
the IR gauge metric has electric-parity vector perturba-
tions, whereas the RWZ metric sets these to zero.
Finally, the IR gauge metric is finite on the future event
horizon for ingoing radiation. One can see this by
noting that both 2Rlm and d2Rlm=dr scale as
4ei!r near the horizon, which will cancel any nega-
tive powers of 2 in the expressions for the metric
coefficients. The same is not as manifest for the RWZ
perturbations (see Appendix A for more details on the
RWZ formalism).
b. Magnetic-parity metric perturbations
The magnetic-parity perturbations are given by
hðmÞab ¼ 0; (C25a)
hðmÞaB ¼
X
lm
hlma X
lm
B ; (C25b)
hðmÞAB ¼
X
lm
hlm2 X
lm
AB; (C25c)
where the magnetic-parity harmonics are defined by
XlmA ¼ ABDBYlm; (C26a)
XlmAB ¼ 
1
2
ðACDB þ BCDAÞDCYlm; (C26b)
and AB is the Levi-Civita tensor on a unit two-sphere. As
in the previous part, we can compute the CCK metric (C3),
which is relatively simple for a Schwarzschild black hole.
The reason for the simplification is the same, but we will
need the following two identities that relate the spin-
weighted spherical harmonics to magnetic-parity vector
and tensor harmonics
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XlmA ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lðlþ 1Þ
2
s
ð1YlmmA þ 1YlmmAÞ; (C27a)
XlmAB ¼ i
ﬃﬃﬃﬃ
D
p
2
ð2YlmmAmB  2YlmmAmBÞ: (C27b)
These relationships can found in Eqs. (2.22b) and (2.38f)
of Ref. [42]. The magnetic-parity metric perturbations
have the same radial and time dependence as the electric-
parity perturbations for the vector and tensor parts,
hðmÞtA ¼ 2hðmÞrA ¼
ﬃﬃﬃﬃ
D
p
2lðlþ 1Þ2=

d
dr 2
Rlm 

i!þ 2
2
r

2Rlm

XlmA e
i!t

: (C28a)
hðmÞAB ¼ 
2ﬃﬃﬃﬃ
D
p
4
=

ði!r2 MÞ d
dr 2
Rlm 

1
2
22  i!ð3rþ 7MÞ  r2!2

2Rlm

XlmABe
i!t

: (C28b)
Because they have the same radial dependence as the
electric-parity metric, the magnetic-parity peturbations
will also be well behaved on the future event horizon.
The major difference between the RWZ formalism’s
magnetic-parity metric and the IR gauge metric is that in
IR gauge, the transverse-traceless metric perturbation is no
longer required to be zero.
c. Tidal and frame-drag fields of the (2,2) mode
In this part, we calculate the tidal and frame-drag fields
for a (2,2) mode in IR gauge of both electric and magnetic
parities. We find an interesting near duality between the
tidal and frame-drag fields of opposite-parity peturbations
that we noted in Secs. I C 3, III B 3, and III C 2.
We compute the tidal and frame-drag fields from the
metric by evaluating the components of the Weyl tensor
and its dual in the tetrad (2.4) including the perturbative
corrections to the tetrad (2.7a)–(2.7d). We find that for an
electric-parity mode, the tidal and frame-drag fields can be
written as
Eð1;eÞr^ r^ ¼ 2<½EIðeÞðrÞY22ei!t; (C29a)
Eð1;eÞ
r^ A^
¼ 2<½EIIðeÞðrÞY22A^ ei!t; (C29b)
Eð1;eÞ
A^ B^
¼ 2<

 1
2
EIðeÞðrÞA^ B^Y22 þ EIIIðeÞðrÞY22A^ B^

ei!t

;
(C29c)
Bð1;eÞr^ r^ ¼ 0; (C29d)
Bð1;eÞ
r^ A^
¼ 2<½BIðeÞðrÞX22A^ ei!t; (C29e)
Bð1;eÞ
A^ B^
¼ 2<½BIIðeÞðrÞX22A^ B^ei!t: (C29f)
The symbol A^ B^ is the Kronecker delta function, and the
traceless property of E requires that the radial function in
front of the Kronecker delta must be minus one-half that of
Eð1Þr^ r^ [i.e., ð1=2ÞEIðeÞðrÞ].
For the magnetic-parity perturbation, the frame-drag and
tidal fields are
Bð1;mÞr^ r^ ¼2<½BIðmÞðrÞY22ei!t; (C30a)
Bð1;mÞ
r^A^
¼2<½BIIðmÞðrÞY22A^ ei!t; (C30b)
Bð1;mÞ
A^B^
¼2<

1
2
BIðmÞðrÞA^B^Y22þBIIIðmÞðrÞY22A^B^

ei!t

;
(C30c)
Eð1;mÞr^ r^ ¼0; (C30d)
Eð1;mÞ
r^A^
¼2<½EIðmÞðrÞX22A^ ei!t; (C30e)
Eð1;mÞ
A^B^
¼2<½EIIðmÞðrÞX22A^B^ei!t: (C30f)
Interestingly, the radial functions of the tidal and frame-
drag fields of the opposite-parity perturbations are nearly
identical
BIðmÞðrÞ ¼ iEIðeÞðrÞ (C31a)
BIIðmÞðrÞ ¼ iEIIðeÞðrÞ  iM
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ðrþ 2MÞp
r54
ﬃﬃﬃﬃﬃ
2r
p


ð22 þ i!rÞ2R22 þ r
d
dr 2
R22

;
(C31b)
BIIIðmÞðrÞ ¼ iEIIIðeÞðrÞ þ
ﬃﬃﬃ
3
p ðrþ 2MÞ
r54
ﬃﬃﬃ
2
p M!2R22; (C31c)
EIðmÞðrÞ ¼ iBIðeÞðrÞ þ iM
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ðrþ 2MÞp
r54
ﬃﬃﬃﬃﬃ
2r
p


ð22 þ i!rÞ2R22 þ r
d
dr 2
R22

;
(C31d)
EIIðmÞðrÞ ¼ iBIIðeÞðrÞ 
ﬃﬃﬃ
3
p ðrþ 2MÞ
r54
ﬃﬃﬃ
2
p M!2R22: (C31e)
In fact, there is an exact duality of the radial-radial com-
ponents, which implies that the horizon vorticity of a
magnetic-parity perturbation is the same as the horizon
tendicity of an electric-parity perturbation. For complete-
ness, we list the expressions for the radial functions for the
electric-parity perturbations, which are lengthy, but will be
needed in the next Appendix.
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EIðeÞðrÞ ¼  2
ﬃﬃﬃ
6
p
r64

r2ðr 3Mþ i!r2Þ d
dr 2
R22 þ ½5r2 þ 16Mr 12M2  i!r2ð4r 9MÞ þ r4!22R22

; (C32a)
EIIðeÞðrÞ ¼ 1
r6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6rðrþ 2MÞp 4

r2½3r2 þ 6M2 þ i!r2ðr 3MÞ þ r4!2 d
dr 2
R22 þ ½ð9r3 þ 18Mr2  12M2rþ 24M3Þ
 i!r2ð8r2  16Mrþ 18M2Þ þ 2!2r4ð4r 9MÞ þ ir6!32R22

; (C32b)
EIIIðeÞðrÞ ¼ 1
r5ðrþ 2MÞ4 ﬃﬃﬃ6p

ir2!ð2r2 þ 3Mrþ 3M2 þ r4!2Þ d
dr 2
R22 þ ½6ðr2 þ 4M2Þ
þ i!ð4r3  11Mr2 þ 12M2rþ 12M3Þ !2r2ð4r2  4Mr 9M2Þ  3i!3r52 þ r6!42R22

; (C32c)
BIðeÞðrÞ ¼
ﬃﬃﬃ
2
p
r5
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3rðrþ 2MÞp 4

r2½9M i!rðr 3MÞ þ r3!2 d
dr 2
R22 þ ½24Mr2
þ i!rð12M2  25Mrþ 5r2Þ !2r3ð4r 9MÞ  ir5!32R22

; (C32d)
BIIðeÞðrÞ ¼ 1
r4ðrþ 2MÞ4 ﬃﬃﬃ6p

i!rð2r2 þ 3Mrþ 3M2 þ r4!2Þ d
dr 2
R22
þ ½24Mþ 2i!rð2r 7MÞ þ!2rð4r2 þ 4Mrþ 9M2Þ  3i!3r42 þ r5!42R22

: (C32e)
From these expressions, it is clear that the tidal and frame
drag-fields are regular on the horizon, because, as noted
above 2Rlm and d2Rlm=dr scale as 
4ei!r near the
horizon; consequently, they will cancel the corresponding
powers of  in the denominators of these functions.
4. Analytical and numerical methods for computing
metric perturbations and tidal and frame-drag
fields in IR gauge
The procedures for calculating the metric perturbations
and their tidal and frame-drag fields are identical for
Schwazschild and Kerr black holes; however, because the
analytical expressions for the Newman-Penrose quantities,
the angular Teukolsky function, and the metric derived
from these mathematical objects are significantly simpler
for Schwarzschild black holes, the amount of work we
can perform analytically differs for rotating and nonrotat-
ing black holes. Even for Schwarzschild black holes, how-
ever, we will not be able to compute all aspects of
the metric perturbation analytically. We calculate the
least-damped l ¼ 2,m ¼ 2 quasinormal-mode frequencies
for both Schwarzschild and Kerr black holes using the
MATHEMATICA notebook associated with Ref. [13], an
implementation of Leaver’s method [14]. Similarly, we
compute the radial Teukolsky functions 2Rlm! corre-
sponding to a quasinormal-mode solution for both
Schwarzschild and Kerr black holes numerically. We com-
pute it in two ways, which give comparable results: we
solve the boundary-value problem for a quasinormal mode
solution to the radial Teukolsky equation, Eq. (B5), using a
shooting method, and we compare the result with a series
solution given by Leaver [14] (as is also done in the
notebook of Ref. [13]). For Kerr black holes, the numerical
solution requires the angular eigenvalue, sAlm associated
with the quasinormal mode frequency, which we again
compute from the implementation of Leaver’s method in
Ref. [13].
The most significant difference between the calculations
of quasinormal modes of Schwarzschild and Kerr black
holes arises from differences in the Teukolsky angular
function, and the angular operators used in computing
the metric (C3). First, the spin-weighted spheroidal
harmonics in the expression for the Hertz potential,
Eq. (C20), reduce to spin-weighted spherical harmonics
for Schwarzschild black holes. Second, the angular opera-
tors in Eq. (C3) reduce to spin-weight lowering operators,
in the nonspinning limit. As a result, the metric perturba-
tion can be expressed, analytically, in terms of electric- or
magnetic-parity scalar, vector, and tensor spherical har-
monics of a single l, for Schwarzschild black holes. For
perturbations of Kerr black holes, there are not these addi-
tional simplifications. First, we must calculate the spin-
weighted spheroidal harmonics numerically, which we do
using a series solution put forward by Leaver [14] (the
same method as that implemented in Ref. [13]). Second,
the angular operators are no longer the spin-weight low-
ering operators. The metric perturbation computed from
these functions, therefore, is not nearly as simple as that of
the Schwarzschild limit. In fact, for our calculations with
spinning black holes, we find it easier to work with a
numerical fit to the analytical expression for the metric.
Once we calculate the metric perturbation, we construct
the perturbation to the Weyl tensor in the same way for
both rotating and nonrotating black holes. We can then
calculate the tetrad components of the tidal field, Ea^ b^, and
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frame-drag field, Ba^ b^, using the background tetrad in
Eq. (2.4) for Schwarzschild holes or Eq. (2.5a) for Kerr
holes and its perturbative corrections in Eqs. (2.7a)–(2.7d).
From these fields, we can solve the eigenvalue problem and
compute tendex and vortex lines, and their corresponding
tendicities and vorticities.
APPENDIX D: RELATIONSHIP BETWEEN
REGGE-WHEELER-ZERILLI AND
INGOING-RADIATION GAUGES
In this Appendix, we construct generators of infinitesi-
mal coordinate transformations between RWZ and IR
gauges, for both magnetic- and electric-parity perturba-
tions of Schwarzschild black holes.
1. Magnetic-parity gauge transformation
In this part, we compute the gauge-change generator that
transforms the magnetic-parity metric in IR gauge to the
same metric in Regge-Wheeler gauge. We show, as noted
in Sec. II C, that this infinitesimal magnetic-parity coordi-
nate transformations does not change the time function that
specifies the slicing (into surfaces of constant ~t). In addi-
tion, perturbative changes of the spatial coordinates will
not alter the coordinate (or tetrad) components of the
frame-drag field; therefore, the fields in both gauges will
be equal.
The calculation that shows these facts is relatively
straightforward. Regge and Wheeler showed in Eq. (17)
of Ref. [26] that, beginning in any gauge, it is possible to
remove the transverse-traceless part of the magnetic-parity
metric perturbation [Eq. (C25c) in the notation used in
Appendix C 3] by an infinitesimal coordinate transforma-
tion of the form
~ ðmÞ ¼  1
2
X
lm
hlm2 ð0; 0;XlmÞ; (D1)
whereXlm is a magnetic-parity, vector spherical harmonic.
This follows from the fact that the perturbation to the
metric transforms under this change of coordinates by
h ! h þ 2ðjÞ; (D2)
(where j denotes a covariant derivative with respect to the
background metric, and parenthesis around the indices
means the expression is symmetrized) and from the defi-
nition of the magnetic-parity, transverse-traceless tensor
harmonics (C26b). The result can also be found from
Eqs. (5.5) and (5.6) of Ref. [41].
For a multipolar perturbation with indices ðl; mÞ in IR
gauge, the function 12
P
lmh
lm
2 =2 is given by the radial
function in Eq. (C28b) multiplied by ei!t, and the full
coordinate transformation vector is, therefore,
ðmÞt ¼ ðmÞr ¼ 0; (D3a)
ðmÞA ¼
1ﬃﬃﬃﬃ
D
p
4
=

ði!r2 MÞ d
dr 2
Rlm 

1
2
22  i!ð3rþ 7MÞ  r2!2

2Rlm

XlmA e
i!t

: (D3b)
A short calculation can verify that htA and hrA are the only nonzero components of the metric after this transformation (the
same as in RWZ gauge) and they are given by
htA ¼ =

1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lðlþ 1ÞDp r4

122r2 þ ðiM!þ r2!2Þ

d
dr 2
Rlm þ ½2ð2 þ i!rÞ
!2rð3r 7MÞ  i!3r32Rlm

XlmA e
i!t

; (D4a)
hrA ¼ =
 i!ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lðlþ 1ÞDp 6

ðr 3Mþ i!r2Þ d
dr 2
Rlm þ

2

1
2
2 þ 32

 i!ð4r 9MÞ þ!2r2

2Rlm

XlmA e
i!t

: (D4b)
It is not immediately apparent, however, that this gauge is RWZ gauge, because it is expressed in terms of the radial
function of c2, (2Rlm), rather than the Regge-Wheeler function Q.
To show that this transformation did bring the metric into Regge-Wheeler gauge, it is necessary to use the relationship
between Q and 2Rlm given in, e.g., Eq. (319) of Ch. 4 of Ref. [29]
6
6Aside from several differences in notation (the radial function used by Chandrasekhar, ZðÞ, is related to the Regge-Wheeler
function by Q ¼ i!ZðÞ, and his radial function for the Teukolsky equation, Y2 is related to that of this paper by 2Rlm ¼ r3Y2),
there is one additional subtle point about using this equation. This equation is expressed as a relationship between Yþ2 (proportional to
the radial function of0) and Z
ðÞ. Because the time dependence of0 is given by eþit in Ref. [29], then the Yþ2 there is equivalent
to Yþ2 of0 with a time dependence given by e
i!t. In addition, because Y2 satisfies the same equation as Yþ2, then this equation is
valid for Y2 when  is replaced by !.
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Q ¼ 2i!
r4ðD 12iM!Þ

ðr 3Mþ i!r2Þ d
dr 2
Rlm þ

2

1
2
2 þ 32

 i!ð4r 9MÞ þ r2!2

2Rlm

: (D5)
After substituting this relationship into Eqs. (A4) and (A2)
and taking its imaginary part—so that the RWZ metric is
real and is expressed in terms of 2Rlm—it becomes ap-
parent that the transformation brings the IR gauge metric
into RWZ gauge.
Because the gauge change from IR to RWZ is generated
by a strictly spatial ~
ðmÞ
and because B is a strictly first-
order quantity for perturbations of Schwarzschild holes,
the frame-drag analog of Eq. (2.15) guarantees that the
frame-drag field must be identically the same in the two
gauges:
B IRG
i^ j^
¼ BRW
i^ j^
: (D6)
This can be confirmed explicitly for the (2,2) mode by
substituting Eq. (D5) into the tetrad components of the
RWZ frame-drag field in Eqs. (A12a)–(A12f) and finding
that they are identical to the IR gauge frame-drag field of
Eqs. (C30)–(C32).
When thought of as abstract tensors without reference to
any coordinate system, it is also the case that the tidal fields
are equal,
E IRG ¼ ERW: (D7)
Because there is a background tidal field, perturbative
differences in the coordinates enter into the components
of the tidal field and the components are no longer equal;
see Eq. (2.15). Therefore, visualizations of the tendex lines
or tendicity in the two coordinate systems (when the coor-
dinates are drawn as though they were flat) look different.
2. Electric-parity gauge transformation
In this part, we construct an infinitesimal generator of an
electric-parity coordinate transformation that brings the
electric-parity IR gauge to RWZ gauge. The transforma-
tion changes the time function (and hence how we define
the slicing) in addition to the spatial coordinates. This
implies that neither the frame-drag fields nor the coordi-
nate components of the tidal field will equal in the two
gauges (but the tidal field written without coordinates will
be); see Eqs. (2.14) and (2.15), respectively.
The gauge-change generator that connects the two
gauges is somewhat more complex for the electric-parity
perturbations than it was for the magnetic-parity ones. The
transformation can be found by using Eq. (19) of Ref. [26]
or Eqs. (4.6)–(4.9) of Ref. [41]. The general approach to
find the transformation is to use ðeÞA to remove the
transverse-traceless part of the IRG metric, and then use
ðeÞt and 
ðeÞ
r to annul the transverse metric coefficients.
After a short calculation, it is possible to express the
generator as
ðeÞt ¼ 1
22r24
<

r2½32  4i!ðM r2!Þ d
dr 2
Rlm þ ½3r4 þ i!r222ð 2Þ
 4rM!2r2ð3r 7MÞ  4i!3r42Rlm

Ylmei!t

(D8a)
ðeÞr ¼ 1
22r36
<

r3½22ðþ 2Þ þ 4i!ðr 3MÞ  4r2!2 d
dr 2
Rlm þ fr22ðþ 2Þð2r2 þ ir2!Þ
 2r2ðþ 2Þ  2i!r½ð2 þ 2Þr2 þ 2Mrð 8Þ þ 24M2
þ 4!2r3ð4r 9MÞ þ 4i!3r5g2Rlm

Ylmei!t

(D8b)
ðeÞA ¼
1ﬃﬃﬃﬃ
D
p
4
<

ði!r2 MÞ d
dr 2
Rlm 

1
2
22  i!ð3rþ 7MÞ  r2!2

2Rlm

YlmA e
i!t

; (D8c)
where we used Eq. (B5) to reduce second-order radial derivatives to first-order ones.
To confirm that this gauge-change generator does bring the IR-gauge metric to the RWZ metric, we again use the
relation between the Zerilli function and the radial Teukolsky function encoded in Eq. (319) of Ch. 4 of Ref. [29]:
Z ¼ 1
r24ðDþ 12iM!Þð2rþ 6MÞ

2r½i!r2ð2rþ 6MÞ þ ð2r2  32Mr 6M2Þ d
dr 2
Rlm þ f2ð2rþ 6MÞ2
þ 2ð32 þ i!rÞ½2r2  32Mr 6M2 þ i!r2ð2rþ 6MÞg2Rlm

: (D9)
This allows us to confirm that the IR metric was brought to RWZ gauge through the transformation vector ~
ðeÞ
.
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With this expression, we can also compare the frame-drag fields in the two gauges for the (2,2) mode. By expressing the
radial functions for the frame-drag field of a (2,2), electric-parity mode in RWZ gauge [B1ðeÞðrÞ and B2ðeÞðrÞ of Eqs. (A14d)
and (A14e)] in terms of the radial Teukolsky function 2R22, we find
B1ðeÞðrÞ ¼ BIðeÞðrÞ þ
ﬃﬃﬃ
3
p
2r54
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2rðrþ 2MÞp

½4r2  2i!ð2r2  5Mrþ 6M2Þ þ 3r2!2ðr 3MÞ þ ir4!32R22
 r22ðr2!2 þ 3iM! 2Þ d
dr 2
R22

; (D10a)
B2ðeÞðrÞ ¼ BIIðeÞðrÞ; (D10b)
where BIðeÞðrÞ and BIIðeÞðrÞ are the equivalent radial func-
tions of the IR-gauge frame-drag field in Eqs. (C32).
Because the functions B1ðeÞðrÞ and BIðeÞðrÞ determine the
radial dependence of the transverse part of the frame-drag
field (and B2ðeÞðrÞ and BIIðeÞðrÞ do the same for the
transverse-traceless part), we see a particular illustration
of the result of Eq. (2.14) of Sec. II C 2: namely, a change in
slicing from an electric-parity gauge change will induce a
change in the longitudinal-transverse components of the
frame-drag field (but not the longitudinal or transverse-
traceless parts).
APPENDIX E: HORIZON TENDICITYAND
VORTICITY CALCULATED FROM THE
WEYL SCALAR 0
In this Appendix, we modify a calculation by Hartle [6]
to compute the horizon tendicity and vorticity by applying
differential operators of the background spacetime to a
perturbation of 0 
 c 2 (where c 2 satisfies Teukolsky’s
equation; see Appendix B). Using this result, we derive the
duality between the horizon vorticity and tendicity of
opposite-parity perturbation mentioned in Sec. III A, for
both Schwarzschild and Kerr black holes. We also relate
the horizon quantities to the complex curvature and show
that they are proportional for Schwarzschild holes and
differ only by the product of spin coefficients ð0Þð1Þ for
Kerr holes. This proves these claims made in Sec. I B.
1. Constructing a hypersurface-orthogonal
tetrad on the horizon
As in Hartle’s calculation, we must work in a NP tetrad
in which the null vector ~l is tangent to the horizon, ~n is
normal to the horizon, and ~m and its complex conjugate lie
in the instantaneous horizon (constant v ¼ ~tþ r for
Hartle, though we will use constant ~t). This NP tetrad
must also satisfy additional constraints
~u ¼ 1ﬃﬃﬃ
2
p ð~lþ ~nÞ (E1a)
~N ¼ 1ﬃﬃﬃ
2
p ð~l ~nÞ (E1b)
~m ¼ 1ﬃﬃﬃ
2
p ð ~e2 þ i ~e3Þ (E1c)
[with the associated non-null tetrad given by Eqs. (2.5a)
and (2.7)], which ensure that the slicing vector ~u associated
with this NP tetrad is hypersurface orthogonal on the
horizon and the spatial basis vectors are tied to our coor-
dinate system in the desired way.
To describe the unperturbed NP tetrad, it is useful to first
construct Hartle’s tetrad, which can be obtained from
Kinnersley’s tetrad (B1), by a boost followed by a null
rotation about ~l (also called class III and I transformations,
respectively):
~lH ¼ 
2ðr2 þ a2Þ
~lK; (E2a)
~mH ¼ ~mK  ia sin	ﬃﬃﬃ
2
p ðrþ ia cos	Þ
~lH; (E2b)
~nH ¼ 2ðr
2 þ a2Þ

~nK þ ia sin	ﬃﬃﬃ
2
p ðrþ ia cos	Þ ~mK
 ia sin	ﬃﬃﬃ
2
p ðrþ ia cos	Þ ~m

K þ
a2sin2	
2
~lH: (E2c)
The quantites  and  are defined in Eq. (B2). Then, we
can construct an unperturbed tetrad from Hartle’s tetrad
using the following spin-boost transformation (also called
class III):
~l ð0Þ ¼ Nl ~lH; ~mð0Þ ¼ ei ~mH; ~nð0Þ ¼ N1l ~nH;
(E3a)
where
Nl ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
þ 2Mr
2
s
; ei ¼ rþ ia cos	ﬃﬃﬃﬃ

p : (E3b)
One can verify that the resulting orthonormal tetrad
~uð0Þ ¼ 1ﬃﬃﬃ
2
p ð~lð0Þ þ ~nð0ÞÞ; (E4a)
~Nð0Þ 
 ~eð0Þr^ ¼
1ﬃﬃﬃ
2
p ð~lð0Þ  ~nð0ÞÞ; (E4b)
~eð0Þ
	^
¼ 1ﬃﬃﬃ
2
p ð ~mð0Þ þ ~mð0ÞÞ; (E4c)
~eð0Þ
	^
¼ 1
i
ﬃﬃﬃ
2
p ð ~mð0Þ  ~mð0ÞÞ (E4d)
DAVID A. NICHOLS et al. PHYSICAL REVIEW D 86, 104028 (2012)
104028-48
is exactly the ingoing-Kerr tetrad (2.5a), when evaluated on
the horizon, though away from the horizon it is not.
For the NP null tetrad to correspond, on the horizon, to
the hypersurface-orthogonal f ~u; ~er^; ~e	^; ~e
^g of Eqs. (2.5a)
and (2.7) via Eqs. (E1), we must choose the perturbative
corrections to the tetrad to satisfy
~lð1Þ ¼ 1
2
ﬃﬃﬃ
2
p ½ðh0^ 0^ ~uð0Þ  hr^ r^ ~eð0Þr^ Þ  2h0^ i^ ~ei^ð0Þ  2hr^ A^ ~eA^ð0Þ;
(E5a)
~nð1Þ ¼ 1
2
ﬃﬃﬃ
2
p ½ðh0^ 0^ ~uð0Þ þ hr^ r^ ~eð0Þr^ Þ  2h0^ i^ ~ei^ð0Þ þ 2hr^ A^ ~eA^ð0Þ;
(E5b)
~mð1Þ ¼  1
2
ﬃﬃﬃ
2
p ½ðh	^ 	^ ~eð0Þ	^ þ ih
^ 
^ ~e
ð0Þ

^
Þ þ 2h	^ 
^ ~eð0Þ
^ : (E5c)
Because ~er^ is normal to surfaces of constant r in slices of
constant ~t through perturbative order, we will need to
choose our gauge so that the coordinate position of the
horizon does not move from the constant value r ¼ rþ.
Although Poisson [43] has shown that there is a wide class
of gauges that satisfy this property (horizon-locking
gauges), for our calculation, we find it convenient to
work in an ingoing radiation gauge based on the unper-
turbed tetrad vector ~lð0Þ,
hl

ð0Þ ¼ 0; gh ¼ 0: (E6)
On the horizon, these gauge conditions imply that
h0^ 0^ ¼ hr^ r^ ¼ h0^ r^; (E7a)
and that the null vector ~l undergoes a perturbative boost,
~l ð1Þ ¼ 12 h0^ 0^
~lð0Þ: (E7b)
[To derive this, one should split 2h0^ i^ ~ei^ð0Þ into a sum of
two terms 2ðh0^ r^ ~er^ð0Þ þ h0^ A^ ~eA^ð0ÞÞ and use the relation in
Eq. (E1)]. In addition to keeping the horizon at a constant
coordinate position r ¼ rþ (see Ref. [43]), using this
gauge condition allows us to calculate the perturbation to
2 in a much simpler way, as we describe in the next
subsection.
2. Computing the horizon tendicity
and vorticity from 0
Although the explicit expressions for spin coefficients in
this tetrad are somewhat lengthy (and, as a result, we do not
give them here), through a direct calculation we can verify
that on the horizon
ð0Þ ¼ ð0Þ ¼ ð0Þ ¼ 0; ð0Þ 2 R: (E8a)
Moreover, because in this ingoing radiation gauge the
perturbation to the vector ~l can be obtained by applying a
boost (Class III) transformation to the tetrad, the perturbed
value of  will also vanish,
ð1Þ ¼ 0: (E8b)
From Eq. (310a) of Ch. 1 of Ref. [29] (which describes the
components of the Riemann tensor in the Newman-Penrose
formalism), we see that the perturbation to the spin-
coefficient  satisfies an equation
D ð0Þð1Þ ¼ 2ð0Þð1Þ;
where ð0Þ > 0. If ð1Þ is not zero, then the separated
solution to this equation, ð1Þ ¼ fðr; 	Þeið!~tm ~
Þ, implies
the constraint that 2ð0Þ þ iNlð!m!þÞ ¼ 0 [here
!þ ¼ a=ð2MrþÞ is the horizon angular velocity]. This
condition is not satisfied for constant frequencies !, so
the perturbation to the spin coefficient must vanish:
ð1Þ ¼ 0: (E8c)
From these conditions on the spin coefficients, and the
fact that ð0Þ0 ¼ ð0Þ1 ¼ 0, we can write the Bianchi iden-
tities (see, e.g., Eqs. (321a) and (321b) of Ch. 1 of
Ref. [29]) as
ðD 2Þ1 ¼ ð þ  4Þ0; (E9a)
Dð1Þ2 ¼ ð þ 2 2Þ1; (E9b)
where we have dropped the superscripts indicating pertur-
bative orders on all differential operators and spin coef-
fients (because they are all background quantities) and the
Weyl scalars 0 and 1 (because they are strictly pertur-
bative quantities). Note that we do not need the term of the
form Dð1Þ
ð0Þ
2 , because on the horizon the differential
operator Dð1Þ contains only time and azimuthal-angle de-
rivatives, but the background Weyl scalar ð0Þ2 is only a
function of r and 	.
By applying the differential operator (D 2) to the
second Bianchi identity and using the identity (valid on the
horizon) that DD ¼ ðþ   ÞD, we find that
ðD 2ÞDð1Þ2 ¼ ½ þ 3ð Þ  Þ
 ð þ  4Þ0  ðD 2Þð0Þ:
(E10)
Using Geroch-Held-Penrose [44] notation, and the equa-
tion for a component of the Riemann tensor (Eq. (310g) of
Ch. 1 of Ref. [29]) restricted to the horizon
D  ¼ 2þ ðþ  Þ; (E11)
we find that
þþð1Þ2 ¼ ðð0ð0 þ 4ð0 þ 22  þÞ0: (E12)
Note that the 0 here is related to that which satisfies
Teukolsky’s equation in the Kinnersley tetrad by
0 ¼ N
2
l e
2i2
ðr2 þ a2Þ2 
K
0 
 AK0 : (E13)
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Starting from a modal solution for the Kinnersley 0
(denoted by K0lm!), then we see that the corresponding
perturbation to 2 is given by
ð1Þ2lm! ¼
ð0ð0 þ 4ð0 þ 22 þ ðiNlþ 4Þ
Nlð2i NlÞ ðA
K
0lm!Þ;
(E14)
where  ¼ !m!þ, and where we have used the fact
that D ¼ Nlð@~t þ!þ@ ~
Þ on the horizon.
A Weyl scalar, 0 formed from the superposition of
modes K0lm!  ð1ÞmK0lm! , with radial functions
that obey 2Rlm! ¼ ð1Þm2Rlm!, transforms under
parity as0 ! ð1Þl0. The perturbation of2 formed
from superimposing Eq. (E14) for the individual modes of
K0 above also transforms under parity as 2 !
ð1Þl2. Using the relation 22 ¼ ENN þ iBNN and
taking the real and imaginary parts of2, it becomes clear
that ENN and BNN have definite parity. Moreover, it is not
difficult to see that ENN of an electric-parity mode is equal
to iBNN of a magnetic-parity mode of iK0lm!, and ENN of a
magnetic-parity mode isiBNN of an electric-parity mode
of iK0lm!.
This demonstrates a perfect duality between electric-
parity modes and magnetic-parity modes, on the horizon
of a Kerr black hole.
3. Relationship between2 and the complex curvature
As a final part of this Appendix, we discuss how the
relationship between the complex curvature and 2,
1
4
ðRþ iXÞ ¼ 2 þ ; (E15)
simplifies for perturbations of Schwarzschild and Kerr
black holes in the tetrad and gauge discussed in the sec-
tions of this Appendix above. First, we note that the spin
coefficient  has as its unperturbed value on the horizon
ð0Þ ¼ Mrþ!
2þsin2	e2i
Nlðr ia cos	Þ3
 ½4Mrþ þ ðrþ MÞðrþ  ia cos	Þ; (E16)
where we have made use of the fact that on the horizon
r2þ þ a2 ¼ 2Mrþ. For a Schwarzschild black hole, !þ
vanishes, and, therefore, the background values of all
four spin coefficients , , , and  all vanish. Through
first order in perturbation theory, therefore,
R ¼ 2ENN; X ¼ 2BNN: (E17)
[We briefly digress here to note that for Schwarzschild
black hole, the spin coefficient  also vanishes, and
Eq. (E12) reduces to
þþð1Þ2 ¼ ð0ð00: (E18)
For a modal solution, Eq. (E14) also simplifies to
ð1Þ2lm! ¼
4M
ﬃﬃﬃﬃﬃﬃﬃ
2D
p
4
!ði 4M! ﬃﬃﬃ2p Þ 2RlmYlmei!t; (E19)
where 2 ¼ 1 2M=r, D ¼ ðlþ 2Þ!=ðl 2Þ!, ! ¼ 
(because !þ ¼ 0), and the radial function of c 2, 2Rlm, is
evaluated at the horizon r ¼ 2M. We have also used the
fact that  ¼ 1=ð8MÞ in this tetrad. Because the spin
coefficients vanish in Eq. (E15) for this perturbed
Schwarzschild hole, the above expression is equivalent to
minus one quarter of the complex curvature].
For a Kerr black hole ð0Þ  0, and we must compute the
perturbation to . It satisfies the differential equation
ðD 2Þð1Þ ¼ 0 (E20)
[Eq. (310b) of Ch. 1 of Ref. [29] specialized to our tetrad
and gauge]. For a modal solution of ð1Þ, we can solve this
to find
ð1Þ ¼  0iNlþ 2 ; (E21)
which implies that the perturbation to  does not vanish.
Thus, for a Kerr black hole,
1
4
ðRð1Þ þ iXð1ÞÞ ¼ ð1Þ2  ð0Þð1Þ; (E22)
so the horizon tendicity and vorticity are no longer exactly
equal the horizon’s intrinsic and extrinsic scalar curvatures.
APPENDIX F: VORTEX AND TENDEX LINES OF
(2,2) PERTURBATIONS OF SCHWARZSCHILD
AND KERR BLACK HOLES WITH THE
BACKGROUND FRAME-DRAG
AND TIDAL FIELDS
In this Appendix, we show the tendex and vortex lines of
Schwarzschild and Kerr black holes when we plot a small
(2,2) perturbation of either electric or magnetic parity on
top of the background tidal or frame-drag fields in Fig. 26.
Specifically, we plot the vortex and tendex lines of
E ¼ Eð0Þ þ Eð1Þ; B ¼ Bð0Þ þ Bð1Þ; (F1)
where Eð0Þ and Bð0Þ are the stationary, unperturbed back-
ground fields (visualized in Paper II), Eð1Þ and Bð1Þ are the
perturbations (visualized by themselves in Fig. 14), and 
is a constant that sets the scale of the perturbation.
To describe the strength of the perturbation, we will com-
pare the perturbative horizon tendicity or vorticity to
the background tendicity (for Schwarzschild holes) and
the tendicity or vorticity (for Kerr black holes). For the
Schwarzschild black holes in Fig. 26, we chose
Eð1ÞNN=E
ð0Þ
NN  2 104 for the electric-parity perturbations
and Bð1ÞNN=E
ð0Þ
NN  2 104 for the magnetic-parity pertur-
bations. For electric-parity perturbations of Kerr holes,
we chose Eð1ÞNN=E
ð0Þ
NN  3:5 103 and Bð1ÞNN=Bð0ÞNN 3 103, and for the magnetic-parity perturbations
the ratios we selected were Eð1ÞNN=E
ð0Þ
NN  2:5 103 and
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Bð1ÞNN=B
ð0Þ
NN  5 103. We anticipate that these images
may be useful for comparing with the results of numerical-
relativity simulations, in which there is more ambiguity
about how to separate a spacetime into a stationary back-
ground and dynamical perturbations, and for which it may be
more useful to visualize the full frame-drag and tidal fields.
In the top panels of Fig. 26 are electric-parity perturba-
tions, and the bottom panels are magnetic-parity perturba-
tions. The left column of images are tendex lines of
Schwarzschild black holes, the center column are tendex
lines of Kerr black holes of spin a=M ¼ 0:945, and the
right column are the corresponding vortex lines of
the perturbed Kerr black holes. The lines are colored by
the sign of their tendicity or vorticity [blue (dark gray) for
positive and red (light gray) for negative] and the horizons
are colored by their tendicity or vorticity. The transparent
spheres are placed in the figures to help guide the eye, and
do not indicate any feature of the vortexes or tendexes.
In these figures, we must choose an amplitude for the
perturbation (described in the first paragraph above). For
all the black holes, we make the perturbation sufficiently
small that one cannot see the effect of the perturbation in
either the horizon tendicity, or the red (light gray) radial
tendex lines. For the Kerr holes, we also require that the
amplitude of the perturbation is less than the difference of
the tendicities of the two nonradial tendex lines at the
equatorial plane and around the radius at which the angular
lines reach closest to the horizon. With this choice, the
angular tendex lines will retain some features of the unper-
turbed lines before they become more distorted by the
perturbation in the regions near the poles.
First, we will describe the tendex lines of the
Schwarzschild black holes. An unperturbed Schwarzschild
black hole is spherically symmetric, the tendicity on a
sphere of constant radius is constant, and, therefore, any
direction tangent to the sphere is a valid tendex line. For a
weakly perturbed Schwarzschild black hole, although the
perturbation may be small, the perturbation restricted to a
sphere of constant r completely determines the variation
in the tendicity, and, furthermore, it will determine the
FIG. 26 (color online). Tendex and vortex lines of Schwarzschild and Kerr black holes (of spin a=M ¼ 0:945) perturbed by a (2,2)
mode of either electric or magnetic parity, without removing the background tidal or frame-drag fields. The tendex lines and vortex
lines are colored by the signs of their respective tendicities and vorticities [blue (dark gray) for positive and red (light gray) for
negative]. The horizons are colored and shaded by their vorticities or tendicities, and the transparent spheres have no physical
significance, but they help to add perspective to the figures. The top panels are electric-parity perturbations and the bottom panels are
magnetic-parity ones. Left column: Tendex lines of Schwarzschild black holes.Middle column: Tendex lines of Kerr black holes. Right
column: Vortex lines of Kerr black holes.
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directions of the tendex lines. This is analogous to degen-
erate perturbation theory in quantum mechanics, in which
the eigenstates of the perturbing Hamiltonian restricted to
the subspace spanned by the degenerate eigenstates are
treated as the unperturbed states within the degenerate
subspace. In directions that are not degenerate, however,
its effects are negligible.
We can now use these facts about degeneracy to under-
stand the tendex lines in the angular direction. The tidal
field in the strictly angular directions, Eq. (C29c) will
determine the structure of the tendex lines on the sphere.
The angular dependence is determined by the transverse-
traceless, electric-parity tensor harmonic (for the top-left
panel), because the trace term in Eq. (C29c) is proportional
to the identity and will not lift the degeneracy of the tendex
lines. We would expect, therefore, that the tendex lines in
the angular direction would resemble those of transverse-
traceless, l ¼ 2,m ¼ 2, gravitational waves generated by a
time-dependent mass quadrupole. These were shown in
Refs. [2,17], and the pattern of the lines is nearly identical.
The tendicity along the lines is quite different from those
of a gravitational wave, because for the perturbed
Schwarzschild black hole, the tendicity is primarily deter-
mined by the constant unperturbed value on the sphere.
Nevertheless, the tendex lines on the sphere show a striking
similarity to those of gravitational waves at infinity.
For the magnetic-parity perturbation (the bottom-left
panel), the tendex lines are determined by an l ¼ 2, m ¼
2, magnetic-parity tensor harmonic; consequently, we
would expect that the lines would resemble those of
transverse-traceless gravitational waves at infinity, pro-
duced by a time-dependent, current-quadrupole source.
Those lines were shown in Ref. [17], and they appear
identical. Once more, though, the value of the tendicity
along the lines is set by the background Schwarzschild
black hole for the lines in bottom-left panel of Fig. 26
(unlike the tendicity of the lines studied in Ref. [17]).
The degeneracy between the angular tendex and vortex
lines can also be used to explain the tendex and vortex lines
in the middle and right columns of Fig. 26, respectively. For
both the tendex and vortex lines, when the lines are near the
equatorial plane (	 ¼ =2) they resemble the unperturbed
lines, but as they head toward the poles, they begin to become
perturbed. This happens because the perturbation is small
compared to the difference in the eigenvalues near the equa-
torial plane, and the perturbations have little effect on the
tendex or vortex lines. Near the poles, however, the back-
ground vorticities and tendicities in the angular directions
become degenerate (see the discussion at the end of
Appendixes A and B of Paper II), and the perturbation
restricted to the degenerate subspace controls the lines’
directions. In the vicinity of the poles, the degenerate sub-
space is a plane parallel to the equatorial plane, and the
perturbative tendex lines must form a regular grid around
these points. When we combine this observation with the
parity of the perturbation, we see that the lines at the opposite
poles must be either parallel or orthogonal. Thus, these few
simple constraints combine to explain the relatively simple
pattern of the vortex and tendex lines of the perturbation plus
the background frame-drag and tidal fields.
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